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Abstract. The use of geometric invariants has recently played an important 
role in the solution of classification problems in non-commutative ring theory. 
We construct geometric invariants of non-commutative projectivizataions, a 
significant class of examples in non-commutative algebraic geometry. More 
precisely, if S is an affine, noetherian scheme, X is a separated, noetherian 
S-scheme, £ is a coherent O^-bimodule and I C T{£) is a graded ideal then 
we develop a compatibility theory on adjoint squares in order to construct 
the functor r„ of flat families of truncated T(£)/T-point modules of length 
n + 1. For n > 1 we represent Fn as a closed subscheme of Pjf2(£®"). The 
representing scheme is defined in terms of both X„ and the bimodule Segre 
embedding, which we construct. 

Truncating a truncated family of point modules of length i + 1 by taking 
its first i components defines a morphism F; — > Fi_i which makes the set 
{Fn} an inverse system. In order for the point modules of T{£)/I to be 
parameterizable by a scheme, this system must be eventually constant. In 
I20| , we give sufficient conditions for this system to be constant and show that 
these conditions are satisfied when ProjT(£) /I is a quantum ruled surface. In 
this case, we show the point modules over T{£)/X are parameterized by the 
closed points of f-^-2{C). 
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CHAPTER 1 



Introduction 

Many solutions to classification problems in non-commutative ring theory have 
recently been attained with the aid of geometric invariants. By associating to a 
non-commutative ring a scheme whose geometric properties reflect the properties 
of the ring, we may use the geometry of schemes to study the ring. The discovery of 
geometric invariants associated to non-commutative rings has proved enormously 
helpful in classifying non-commutative rings of low dimension. In [2l [3], this tech- 
nique is used to classify domains of dimension two and to classify three dimensional 
non-commutative rings which are close to commutative polynomial rings, including 
three-dimensional Sklyanin algebras, the enveloping algebra of the Heisenberg Lie 
algebra, and a significant class of three-dimensional iterated Ore extensions. 

1.1. Geometric invariants in the absolute case 

We recount the construction and use of geometric invariants of graded rings 
over a field k given in [3]. Suppose V is a finite dimensional fc-vector space, T{V) 
is the tensor algebra of V, / C T{V) is a homogeneous ideal and A = T{V)/I. 

Definition 1.1. [3l Definition 3.8, p. 45] A graded right A-module M is a 
point module if: 

(1) it is generated in degree zero, 

(2) Mo = k, and 

(3) dim A'U ^ 1 for aU i > 0. 

A truncated point module of length n -I- 1 is a module M satisfying (1) and 
(2) above and whose Hilbert function is 1 if < i < n and otherwise. 

If A is commutative, an A-point module is isomorphic to a polynomial ring 
in one variable, and is thus the coordinate ring of a closed point in Proj A. Fur- 
thermore, if k is algebraically closed, the point modules of A are parameterized by 
Proj A. 

Definition 1.2. 3, Definition 3.8, p. 45] Let i? be a commutative fc-algebra. A 
flat family of A-point modules parameterized by SpecR is a graded R®kA 
module M, generated in degree zero, such that Mq = R and Mi is locally free of 
rank one for each i. Families of truncated point modules are defined similarly. 

Let k denote the category of affine noetherian fc-schemes. 

Definition 1.3. The assignment r„ : k Sets sending U to 

{isomorphism classes of truncated [/-families of length n+1} 

and sending / : F C/ to the map r„(/) defined by r„(/)[M] = [/*Af], is the 
functor of flat families of truncated A-point modules of length n + 1. 
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Proposition 1.4. [3, Proposition 3.9, p. 46] The functor Tn of flat families of 
truncated A-modules of length n + 1 is representable. We abuse notation by letting 
r„ denote the scheme representing the functor T„ . 

The scheme r„ is a subschema of Pspocfc(V^)" which depends on /„, the nth 
graded piece of /. 

Truncating a truncated family of point modules of length i + 1 by taking its 
first i components defines a morphism —>■ P^-i which makes the set {Pn} an 
inverse system. In order for the point modules of A to be parameterizable by a 
scheme, this system must be eventually constant. 

liA = T{V), then it is not hard to show that r„ = Pspccfc(^)" for aU n. In this 
case, the inverse system {Pn} is never constant, and the point modules over A are 
not parameterizable by a scheme, li A — S{V), the symmetric algebra of V, then 
the truncation morphisms P^ —^ P^-i are isomorphisms for all « > 1. In particular, 
Tn = Pspocfe(V^) for all n > 1. Thus, the inverse limit, P, of the inverse system {P„} 
is just Pspccfe(V^) = Proj A. This is not surprising in light of the fact that when A is 
commutative and k is algebraically closed, the closed points of P correspond to the 
closed points of Proj A. Although P„ is relatively easy to compute in case A = T{V) 
or A — S{V), the computation of P„ is usually more complicated. Nevertheless, 
Artin, Tate and Van den Bergh describe sufficient conditions for the inverse system 
{P„} to be eventually constant |3J Propositions 3.5, 3.6, and 3.7, pp. 44-45]. They 
then show that these conditions are satisfied when A is a regular algebra of global 
dimension two or three generated in degree one. If A is a regular algebra of global 
dimension two generated in degree one, the truncation map P„ —^ P2 is an iso- 
morphism, and P2 is the graph of an automorphism of P^. Furthermore, two such 
algebras are isomorphic if and only if the conjugacy classes of the corresponding 
automorphisms of P^ are the same ([3j p.47-48]). Regular algebras of dimension 
three generated in degree one are also classified by their associated point scheme, 
but the description of their classification is more complicated than the dimension 
two case ^3^ Theorem 3, p. 36]. 

While regular algebras of global dimension four generated in degree one are far 
from classified, important classes of such algebras are characterized by their point 
schemes and by higher dimensional geometric invariants. For a brief discussion of 
work in this direction, see |23l 124] . 

1.2. Bimodules and algebras 

The aim of this paper is to obtain a relative version of Proposition 11.41 More 
precisely, if S is an affine, noetherian scheme, X is a separated, noetherian S*- 
scheme, £ is a coherent Cjsf-bimodule, T{£) is the tensor algebra of £ (Example 
I3.25P and 2 C T{£) is an ideal, then we associate to B = T{£)/T a scheme of points 
which specializes to Artin, Tate and Van den Bergh's construction when S — X is 
the spectrum of a field. 

Important examples in noncommutative algebraic geometry are constructed 
from B. For example, suppose X is a smooth curve over k and £ is an Ox-bimodule 
which is locally free of rank two. li Q C £ ^Ox ^ invertible bimodule, then 

the quotient B — T{£)/{Q) is a bimodule algebra. A quantum ruled surface was 
originally defined by Van den Bergh to be the quotient of GrmodS by direct limits of 
modules which are zero in high degree [21|, p. 33], ProjS. In order that B has desired 
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regularity properties, Patrick imposes the condition of admissibility on Q [21\ Sec- 
tion 2.3] and birationally classifies many instances of such quantum ruled surfaces 
[221 Section 3] . In [20] we follow a suggestion of Van den Bergh by insisting that 
Q be nondegenerate [20. Definition 2.17]. Quotients of four-dimensional Sklyanin 
algebras by central homogeneous elements of degree two provide important exam- 
ples of coordinate rings of quantum ruled surfaces in this sense }26t Theorem 7.4.1, 
p. 29]. 

In order to describe our generalization of Proposition 11.41 we first describe 
our generalization of a flat family of point modules. Just as when S = X is the 
spectrum of a field, in order to define such a family, we need to know that if 
f : V ^ U is a map of affine S'-schemes, B is an Of/x jf-bimodule algebra, and if 
f = f X idx : V X X ^ U X X, then (/ x f )*B inherits an Ov/xx-bimodule algebra 
structure from B. Because the definitions of the bimodule tensor product (Defini- 
tion [331), the associativity isomorphisms of this product fProposition l3.6[) . and the 
left and right unit morphisms ([3.5|) are quite complicated, the fact that a bimodule 
algebra can be lifted to a different base poses technical difficulties. However, the 
compatibilities one needs in order to lift a bimodule algebra can be neatly described 
in the language of indexed categories. The fact that a bimodule algebra can be lifted 
reduces to the fact that associativity of the bimodule tensor product and the left 
and right unit morphisms are indexed natural transformations. In order to prove 
these facts, we define, in Chapter 2, the category of squares. After reviewing the 
definitions of indexed category, indexed functor and indexed natural transforma- 
tion, we give necessary conditions under which families of functors between indexed 
categories are indexed (Proposition 12.25]) and under which transformations associ- 
ated to squares of indexed categories are indexed (Proposition I2.27|) . Since both 
the bimodule tensor product associativity maps and the left and right unit maps 
are a composition of transformations associated to squares, they can be shown to 
be indexed (Proposition 13.371 and Proposition I3.38P . 

1.3. Geometric invariants in the relative case 

Now suppose B is an Ogx jf-bimodule algebra, C/ is a noetherian affine S scheme, 
f : U 5* is the structure map, d : U UxU is the diagonal map and f = fx idx ■ 

U X X ^ S X X. Let B^ = if X f)*B. 

Definition. A family of S-point modules parameterized by U is a 

graded S'^-module Mo © Mi © • ■ • generated in degree zero such that, for each 
I > there exists a map 

q^■■U ^X 

and an invertible ©[/-module Ci with Co = Ou and 

Mi = {idu X qi)^d*Ct. 

A family of truncated ;B-point modules of length n -I- 1 parameterized by 

U is a graded S'^-module A^o © Mi © ■ • - generated in degree zero, such that for 
each i > there exists a map 

q^■■U^X 

and an invertible Oy-module Ci with Cq = Ou, 

Mi = {idu X qi)*d^Ci 
for i < n and Mi = for i > n. 
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Definition. Let S be the category of afRne, noetherian S'-schemes. The as- 
signment r„ : S — > Sets sending U to 

{isomorphism classes of truncated J7- families of length n+1} 

and sending f : V U to the map r„(/) defined by r„(/)[A4] = [f*M], is the 
functor of flat families of truncated S-point modules of length n + 1. 

We show that the functor r„ is representable. In order to describe the repre- 
senting scheme, we introduce a generalization of the Segre embedding, which we 
now proceed to describe. First, we need some definitions. If is a scheme and A 
is a quasi-coherent C'vi'-niodule, then we let SSupp A denote the scheme theoretic 
support of A. Let : Pvv(^) ^ be the structure map. 

Definition. Let X, Y, and Z be schemes, suppose £ is a quasi-coherent 
Cxxy-niodule and ^ is a quasi-coherent Oy xz-module. We say that £ and J- 
have the afRne direct image property if the restriction of the projection map 
pri3 to 

SSupp(pri2*^^ (g) pr23*J^) 

is affine. 

We denote by 

the fiber product in the following diagram: 

Pxxy(f) ®y Pyxz(^) 




Y 

We prove the following Theorem (Theorem 16. 5[) : 

Theorem. Let £ be a quasi-coherent xy-module and let ^ be a quasi- 
coherent Oyxz-module such that £ and have the affine direct image property. 
Then there exists a canonical map 

s : Pxxy(^) ®y Pyxz(^) ^ Pxxz(f ®Ov ^) 

such that s is a closed immersion which is functorial, compatible with base change, 
and associative. 

We call the map s in the previous theorem the bimodule Segre embedding. 
The bimodule Segre embedding is uniquely determined by algebraic data (Theorem 

EB- 

Our generalization of Proposition 11.41 takes on the following form: if we let 
X ^Y and define the trivial bimodule Segre embedding s : Px2(£)^^ -> Px4£'^^) 
as the identity map, then we have Theorem 17.11 
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Theorem. For n > 1, r„ is represented by the puUback of the diagram 

Px2(£:)®" 



Now suppose S = Spec k. 

Definition 1.5. A point module over B is an N-graded i3-module Mq ® 
Ml © • ■ • such that, for each i > 0, the multipHcation map Mi ®Ouxx ^ Mt+i 
is an epimorphism and Mi = Op- for some closed point pi ^ X. 

As in the case when S ~ X ^ Spec fc, truncating a truncated family of point 
modules of length z + 1 by taking its first i components defines a morphism Ti 
Fi-i. This collection of morphisms makes the set {r„} an inverse system. In order 
for the point modules of S = T{£)/I to be parameterized by a scheme, this system 
must be eventually constant. In |20j . we prove, as suggested by Van den Bergh, 
analogues of [Sj Propositions 3.5, 3.6, and 3.7, pp. 44-45] in order to give sufficient 
conditions for the inverse system {r„} to be eventually constant. Our main result 
in this direction is [201 Proposition 2.22, p. 775]: 

Proposition 1.6. (1) For n > m, Let : r„ ^ Pm denote the map 

induced by truncation. Assume that, for some d, p"^^^ defines a closed 
immersion from Pd+i to P^j, thus identifying P^+i with a closed subscheme 
E CTd- Then P^+i defines a map a : E Td such that if {pi, . . . ,pd) is 
a point in E, 

cr(pi, . . . ,pd) = (P2, • • . ,J3<i+l), 

where (pi, . . . ,Pd+i) is the unique point ofTd+i lying over [pi, . . . ,pd) € 
Td. 

(2) //, in addition, cr{E) C E, X is generated in degree < d and P has linear 
fibres 20, Definition 2.17, p. 773], then p^ : Tn ^ E is an isomorphism 
for every n > d + 1. 

In |20| . we use Proposition 1 1 . 61 to show that, when ProjS is a ruled surface in 
the sense of |20| . the point modules over B are parameterized by the closed points 

0fPx2(£). 

Van den Bergh has developed another definition of quantum ruled surface |271 
Definition 11.4, p. 35], based on the notion of a non-commutative symmetric algebra 
generated by £, which does not depend on Q\ Van den Bergh proves [271 that the 
functor of flat families of i3-point modules is represented by ^x^iS), without using 
Theorem 1 7. 1[ then uses this parameterization to show that the category of graded 
modules over a non-commutative symmetric algebra is noetherian. While Van den 
Bergh's proof is specific to non-commutative P^-bundles, our results apply to any 
non-commutative projectivization. 

1.4. Organization of the paper 

In Chapter 2 we study the category of squares, and use the resulting theory to 
provide conditions under which a family of functors between indexed categories is 
indexed, and conditions under which a family of natural transformations associated 
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to a square of indexed categories is indexed. In Chapter 3, after reviewing the 
definitions and basic properties of bimodules and bimodule algebras, we use the 
results of Chapter 2 to show that a bimodule algebra, and a module over a bimodule 
algebra, may be lifted to a different base. This allows us to define r„. In Chapter 
4 we show that r„ is compatible with descent (Definition 14. 1[) . This fact allows 
us to deduce that r„ is representable by showing that a suitable subfunctor of r„ 
imbeds in the scheme of points which ostensibly represents r„. 

Now, suppose {X)i — for i < n. In Chapter 5, we represent Ti for < * < 
The proof is technical and employs the compatibility result Corollary 12.101 In 
Chapter 6 we define the bimodule Segre embedding and show that it is functorial, 
associative and compatible with base change. These properties allow us to show 
the map s : Px2(£)®" Px2(£:®") is well defined. We then show, in Chapter 7, 
that Ti is representable for i > n. 



Our attention to compatibilities tends to remove emphasis from the basic idea 
behind the proof of Theorem 17.11 For the reader who wishes to ignore issues of 
compatibility, we offer a list of items which can be read independently of the rest 
of the paper, and which gives the reader the idea behind the proof of Theorem l7.1l 
For those who want to read the complete proof of Theorcm l7.1i we recommend first 
reading this list of items before attempting to read the entire paper. 

• Chapter 2: Introduction, Definition 12.31 through the definition of the "2- 
cell dual to Examples and 

• Chapter 3: Introduction, Section 3.1, Section 3.2, Section 3.4 through 
the statement of Lemma 13.451 the statement of Proposition 13.461 and 
Definition [3371 

• Chapter 4: Through Section 4.3, Lemma [4.341 and Lemma [4351 

• Chapter 5: Through the proof of Proposition lSTTSl Step 2, and Proposition 



• Chapter 6: Through Section 6.1 (ignoring Example I6.3[) . Lemmas 16.131 
and 16.221 and Propositions 16.23) and [6T241 

• Chapter 7: Everything except the proof that S^' is natural in Proposition 

[ZH 



We will denote indexed categories by 21, 5B, £, . . . , indexed functors by 5^, 6, 
. . . and indexed natural transformations (and ordinary natural transformations) 
by A, 8, ri, . . .. We will denote categories and objects in 2-categories by A, B, C, 
. . . and functors by F, G, H, .... We will denote objects in an ordinary category 
by A, B, C, . . .. We will denote morphisms between objects a, /?, 7, . . . . In a 
2-category, 2-cells will be denoted by =4>, while 1-cells will be denoted by In 
an ordinary category, morphisms will always be denoted by —f. 

There are four exceptions to the above conventions. If {F, G) is an adjoint pair 
of functors with F left adjoint to G, then we denote its unit 2-cell by 77 : id GF 
and its counit 2-cell by e : FG =4> id, thus using lowercase Greek letters instead 
of our usual uppercase. In addition, r„ will denote a functor, violating the usual 
convention that upper-case Greek denotes a natural transformation, li f -.Y ^ X 
is a map of schemes, then /* and /* will denote extension and restriction of scalars, 
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respectively. Similarly, if / : y ^ ?7 is a morpliism in a category S and 21 is an 
indexed category, then we write the induced functor f*l\^ . Finally, the map 

of sheaves of rings associated to /, Ox — > f*OY will sometimes be denoted . 

If C and D are categories and F : C — > D and G : D — > C are functors, then we 
write {F, G) if F is left adjoint to G. In this case, we will often make use of the 
fact that the compositions 



F*ri c*F V*G G*r] 

(1.1) FGF^^ F G=^GFG=^G 

are identities ([HI IV. 1 Theorem 1 (h)]). 

If X is a scheme, then we let QcohX denote the category of quasi-coherent 
Ox-modules and we let CohX denote the category of coherent Ox-modules. We 
say is an Ox-module if is a quasi-coherent Ox-module. 

Throughout this paper, S will denote an affine, noetherian scheme and, from 
Chapter 3 onwards, S will denote the category of afhne, noetherian S'-schemes. 
Unless otherwise stated, all schemes are S schemes so that products are over S. If 
f : V U is a morphism in S, we let / = / x idx : V x X ^ U x X, and we let 
P : {V X X) X (y X X) ^ {U X X) X {U X X) denote the map / x /. We will 
reintroduce this notation throughout to avoid confusion. 

If J7 is a scheme and F is a {/-scheme, then we denote the n-fold product of Y 
over U by (Y)^. Thus, for example, {X x Y)^. ^ {X x Y) Xy {X x Y). This is, 
roughly speaking, the subscheme of {X x Y) x {X x Y) where the F-coordinates 
are equal. 

We will often abuse notation as follows: if g : [/ — > X and r : J7 — > F are 
morphisms of schemes and ii d : U ^ U x U is the diagonal morphism, then we 
sometimes write g x r to denote the morphism {q x r) o d : U X x Y . When 
this abuse is employed, we write q x r : U ^ X x Y ot we indicate that {q x r)» 
is a functor from the category of quasi-coherent 0[/-modules to the category of 
quasi-coherent Oxx y-modules. 

Acknowledgments. We thank M. Artin, C. Ingalls, D. Patrick, P. Perkins, 
S.P. Smith, M. Van den Bergh and J. Zhang for numerous helpful conversations and 
feedback on earlier versions of this paper. We thank the referee for their numerous 
useful comments. We are especially indebted to S.P. Smith for suggesting the 
study of points on quantum ruled surfaces, and for providing invaluable guidance 
and support throughout the formulation of the ideas in this paper. 
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Compatibilities on Squares 

When working with several functors simuhaneously, one sometimes finds dif- 
ferent ways of constructing canonical natural transformations between their com- 
positions. For example, let : A ^ B be a functor and suppose {F, G) is an adjoint 
pair with unit and counit (77, e). Then there are two obvious canonical morphisms 
between F and itself. There is an identity transformation idp : F =^ F, and there 
is also the transformation 



-P*') e*F 

F =^ FGF F, 



where the symbol denotes the horizontal product of natural transformations 
(Definition 12. 2p . This map equals the identity transformation (Equation II. ip . We 
call equalities of this kind compatibilities, although our use of this term is not 
standard. More generally, we call any commuting diagram of canonical morphisms 
between objects in a category a compatibility. Authors faced with potential com- 
patibilities sometimes assume all such diagrams commute since tedious proofs of 
the commutativity of such "natural" diagrams exist on a case by case basis. For 
an example of confessions of these assumptions, see [111 Chap. II. 6]. 

The purpose of this chapter is to establish many of the compatibilities we need 
in order to define and represent the functor r„ . Suppose X is a noetherian separated 
scheme, / : y ^ L'^ is a morphism of affine, noetherian schemes, / = / x idx and 
B is an Oyxx-bimodule algebra. In order to define r„, we must show that p*B 
inherits an Oy x jf-bimodule algebra structure from B. The proof of this fact reduces 
to the verification that several large diagrams, one involving the associativity of the 
bimodule tensor product, the others involving the left and right scalar multiplication 
maps, commute. Rather then check these complicated compatibilities directly, we 
note that both the associativity of the tensor product and the scalar multiplication 
maps are composed of canonical maps (Proposition 13. 6i Proposition 13. 7p . each of 
which can be described as data associated to a square (Definition 12. 3p . Motivated 
by this observation, we study squares in general. Since the compatibilities we must 
verify are neatly stated in the language of indexed categories, we introduce this 
language (Definitions 12.161 12.191 and I2.2ip . Then, using the theory of squares we 
have developed, we reduce the compatibilities we must verify to more easily checked 
compatibilities (Propositions 12.251 and I2.27P . 

The definition of a square (Definition l2.3p is inspired by the following situation 
in algebraic geometry: Let Y,Y' , Z and Z' be schemes with maps between them as 
in the following diagram: 
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(2.1) 



p 

Suppose that diagram (|2.ip commutes. We then have the equahty 

Applying p* to the left of this equation and p'' to the right, we have the equality 

P J*P *P =P P*J *P ■ 
Composing this with various adjointness maps, we have the 2-cell dual to $ 
induced by (f2TT|) : 

-P !*=> P J*P *P ^PP*J*P => I *P ■ 
We show (Lemma l2.8p that $ and 4" are dual to each other. It is this duality which 
allows us to reduce a property of 5* to its dual <&. In the example above, since $ is 
trivial, we expect to be an easier map to study then This expectation is not 
disappointed (Corollarv l3.36|) . 

We employ various results from the theory of squares elsewhere. Corollarv l2.10l 
allows us to establish useful compatibilities in the category of sets, and is crucial 
in the proof that the bimodule Segre embedding has desired properties. We also 
use the Corollary to show that our representation of r„ is natural (Proposition 
I5.19p . Propositions 12 . 13l and 12 . 14l allow us to relate the canonical and dual 2-cell of 
a diagram to the canonical and dual 2-cells of various subdiagrams. These results 
reflect the duality between $ and 5". 

2.1. 2-Categories 

We review the definition of 2-categories since many of our results involve the 
2-category of all categories. The following definition is from [7, Section 5]. 

Definition 2.1. A 2-category T consists of the following data: 

(1) A class of objects obT, 

(2) for each pair X, Y G obT, a category Hom(X, Y) whose objects, called 1- 

morphisms, are represented by X ^ Y and whose morphisms, called 

2-morphisms or 2-cells, are represented by 

F 

X-'IP Y 

G 

subject to the following conditions: 
(a) [Composition of 1-morphisms) Given a diagram 

X— ^Y^-Z 

there exists a diagram 
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and this composition is associative, 

(b) [Identity for 1-morphisms) For each object X there is a 1-morphism 
idx : X ^ X such that if F : X ^ Y is a 1-morphism, then F o idx = 
idy oF = F, 

(c) ( Vertical composition of 2-morphisms) Given a diagram 





X > Y there exists 

H 

and this composition is associative, 

(d) [Horizontal composition of 2-morphisms) Given a diagram 

F G 

X D-A Y U^e Z there exists 

F' G' 

and this composition is associative, 

(e) [Identity for 2-morphisms) For every 1-morphism F there is a 2- 
morphism lAp (or sometimes just F or id when the context is clear) 
such that, given a diagram 

F G 

X "1^^ Y "1^ Z 

F' G 

A o idi? = idi?' oA and idc * idi? = idcof, 

(f) [Compatibility between horizontal and vertical composition of 2- cells) 
Given a diagram 



F G 
X *- Y 5* Z 

F" G" 



we have (9' o 8) * (A' o A) = (9' * A') o (9 * A). 

Let Cat denote the category of categories, whose objects are (small) categories 
and whose morphisms are functors between categories. If A and B are categories, 
then the collection of functors between them, Hom(A, B) forms a category which has 
natural transformations between functors as morphisms. We describe a horizontal 
composition of natural transformations, *, (2d in Definition l2.ip which is associative 
and satisfies 4e,f. 

Definition 2.2. Suppose we are given a diagram of categories, functors, and 
2-cells: 

F G 
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The horizontal composition of A and 9, denoted * A is defined, for every 
object X of X, by the formula 

(9 * A)x - Of'x o GiAx) = G'(Ax) o Opx 
This composition makes Cat a 2-category 16. Theorem 1, p. 44]. 



2.2. The category of squares 

We define the category of squares and describe some of its properties. Apph- 
cations of the theory will be deferred to later chapters. 

Definition 2.3. Let Sq be the category defined as follows: 

• The objects of Sq consist of 

(1) a diagram of categories and functors 



G' 



H 



F' 

G 



B 



C 



D. 



(2.2) 



(2.3) 



such that {F,G) and {F',G') are adjoint pairs with units/counits 
(77, e) and (??',£') respectively, and 
(2) a pair of natural transformations 



$ : IG' 



such that ^E* is the composition 



* : F/: 



FI- 



FI*rj 



> FIG'F' 



F*i*F' 



FGHF' 



*HF' 



HF'. 



An object composed of this data will be denoted 

G' 



A 

H 



B 



D. 



We call $ the canonical 2-cell associated to (|2.3p and we call \E' 
the 2-cell dual to pTS]) or the 2-cell dual to $. 

A morphism (J, 9) 



(2.4) 



A 




G' 








K 


H 




*^ 






g\ 


( 








F 



B 



D 



A 



D. 



in Sq consists of 
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(1) functors 



jA.B,c.D . A,B,C,D A,B,C,D 



and 

(2) natural transformations 
_ e- 



p,jB =^ jAp, 



J°G =^ GJ^ 



jBq, =^ Q,jA 



HJ'^ =^ J'^H 

such that the diagrams 
(a) 



J^G'F' =^,G'J'^F' 

Qr^i *F 



and 



(b) 



FJ°G =^ FGJ^ 



G'*e-7- e-*G 



J^FG c J'^ 



IJ^G' 
i*en' ^ e-*G' 





IG'J'^ 



GHJ'^ 



J°IG' 



J°GH 





GJ^H 

commute. 

Suppose (J, Q) is a morphism (|2.4p and {K, A) is a morphism whose domain equals 
the codomain of (J, 8). Suppose the codomain of {K, A) is the square 

A 



H 



D. 



Then the composition (if, A) o (J, 6) is defined to be the pair [KJ^ S) where S is 
defined as follows: 
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and ^F^,H_.i are defined similarly, and 

and is defined similarly. It is an easy but tedious exercise to show that the 
composition {KJ, S) is actually a morphism. We call Sq the category of squares. 

Remark. An arbitrary square (j2.3p will have an arbitrary $. Hence, calling $ 
canonical might seem ill advised. However, the following examples show that there 
exists a canonical choice for $ in important situations. 

Example 2.4. Let Y, Y' , Z and Z' be schemes with maps between them as in 
the following diagram: 



(2.5) 

Suppose (|2.5p commutes. If 
is equality, then 




Qcohr' 



/' 



Qcohr 

/- 



QcohZ' ; 



; QcohZ. 



is a square. We sometimes call $ the canonical 2-cell induced by ()2.5p or the 
canonical 2-cell of the square induced by (12. Sp . We sometimes say is the 
dual 2-cell to (|2.5p or the dual 2-cell to the square induced by (|2.5p . 

Example 2.5. Let / : F ^ X be a map of schemes. For each V in Qcohy, let 

*^:/*^'»/*-=^/*(^'»-)- 
be the natural transformation 

f^r ^ ^ fj*iuv /,-) =^ Mru'p ru-) =^ U{v ® -)■ 

Then 



(2.6) 



Qcohr 
QcohX 



_ QcohX 
^ QcohX 



id 



is a square, and the dual to (12. 6p . 

is the projection formula. 
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2.2.1. Elementary properties of squares. 

Lemma 2.6. // 

G' 

A — "b 



H 



D. 



is an object in Sq, then the diagrams 
I*,/ 



77*/ 

GFI = 

commute. 



{GFI)*rt' 



IG'F' 

n*(iG'F') 

GFIG'F' 



H 



FGH 



H*c' 



{FGH)*e' 



HF'G' 

e*(HF'G') 

FGHF'G' 



Proof. We first prove the left diagram commutes. To prove tliis assertion, we 
apply 2f of Definition 12.11 to the diagram 




and conclude that {rj * I) * rj' — [GFI * 77') o [rj * I). But {rj * I) * rj' ^ rj * {I * -q') 
by 2d of Definition O We claim rj * (I * rj') = [rj * IG'F') o (/ * r]'). In fact, this 
follows easily by applying 2f of Definition 12.11 to the diagram 




Thus, the left square does indeed commute. The proof that the right diagram 
commutes is similar, and we omit it. □ 

Objects in the category Sq enjoy the following compatibilities: 
Proposition 2.7. // 



A 

H 



G' 



B 



D. 
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is an object in Sq, then the diagrams 
I^==^GFI 



FIG' =^ HF'G' 



1*7]' 

IG'F' 



GHF' 



FGH 



H*e' 



*H 



H 



commute. 



Proof. We show the left diagram commutes. The argument that the right 
diagram commutes is similar, so we omit it. We claim 



IG'F' 



GFI- 



ri*(IG'F') 



^GHF' 

r)*GHF' 



{GFI)*-n 



GFIG'F' 



GF*<S>*F 



GFGHF' 



commutes. For, by Lemma 12. 6[ the left square commutes, while the right square 
commutes by naturality of rj. Since 

V*G G*e 

G =^ GFG =^=^ G 



is the identity map, the diagram 



IG'F' 



<S>*F' 



GFI- 



^ GFIG'F' 



(GF/)*77 GF***F' 

commutes also, which is just what we needed to establish 
Lemma 2.8. (Duality). Suppose 

G' 



GHF' 

G*€*HF' 

GFGHF' 



□ 



(2.7) 



A 

H 



B 



X 

gV 



D. 



is a square. Then the map 

f ; Nat{IG',GH) Nat{FI,HF') 

sending $ : IG' GH to the natural transformation '5 : FI 
the composition 

FI*r/ ,F*<I>*F' ,e*HF' 

FI =^ FIG'F' =^ FGHF' =^ HF' 
is a bijection whose inverse, g, sends : FI HF' to the composition 

IG' =^ GFIG' GHF'G^=^ GH. 



HF' given by 
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Proof. We show that gf{^) ~ $. We must show that the diagram 



(2.8) 



IG' ■■ 

ri*IG' 

GFIG' 

GFI*r)'*G' 

GFIG'F'G' 



GF*<S>*F'G 



GH 

GH*e' 

GHF'G' 

G*e*HF'G' 

^ GFGHF'G' 



commutes. We note that 



IG 

r]*IG' 

GFIG' ■■ 

GFIG'*t' 

GFIG'F'G' 



GF*>S> 



^GH 

rj*GH 

GFGH 

GFGH*t' 



GF*<i'*F'G 



GFGHF'G' 



commutes by naturaUty of rj and e', so that 

IG' — 

r}*IG' 



GFIG' 

GFI*i/*G' 

GFIG'F'G' 



GF** 



GH 

G*e*H 

GFGH 

GFGH*e' 



GFGHF'G' 



GF*<S>*F'G 

commutes also. Thus, the resuh wih follow provided 

H 

e*H 

FGH 

FGH*e' 

FGHF'G' 

commutes, since we may attach G applied to this diagram to the right of the 
previous one and recover diagram 12.81 This last diagram commutes by Lemma l2.6l 
Thus gf — id as desired. □ 




Remark. Compare [13, 2.1, p. 167]. 
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Corollary 2.9. // 



G' 



H 



D. 



is a square, then A : FI 



(2.9) 



HF' has the property that 
A*G' 



FIG' 
FGH 



H*e 



^ H 



commutes if and only if A = "if , and O : IG' => GH has the property that 



I > GFI 



1*7}' 



IG'F' =^ GHF' 



e*F' 



commutes if and only if O = ^. 

Proof. We establish the first assertion. The latter fact is proved in a similar 
fashion. The diagram 



FI- 



^HF' 



, , A*G'F' , , , 

FIG'F' > HF'G'F' 



F*<^*F' 

FGHF' ■■ 



e*HF' 



H*e'*F' 

HF' 



commutes: the top commutes by the naturality of r/ while the bottom commutes 
since p.9p commutes. The right vertical is the identity while the left route is 4*, so 
<I> = A. The converse holds by Proposition 12.71 □ 



Corollary 2.10. // 



G' 

A — "B 



H 



X 

g\ 



D. 
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is a square, then the diagram 
(2.10) Hom;^{F'B,A) 

H{- 

Homc{HF'B,HA) 

-o*B 

Homc{FIB,HA) 



Homs{B,G'A) 

i(-) 

HomoilBJG'A) 
Homo{IB,GHA) 



whose horizontal maps are the adjoint isomorphisms, commutes. 
Proof. Let 

H:F'B^ A. 

Then ji goes, via the left route of the diagram, to the map 

(j)*7)b (G**)b GHp, 

IB GFIB ^ GHF'B ^ GHA 

On the other hand, /i goes, via the right route of the diagram, to the map 

{I*v')b IG'u 

IB ^ IG'F'B ^ IG'A 



(**F')b 

GHF'B 



GHfj. 



GHA 



where the right square commutes by naturahty of To show that these two maps 
are the same, it suffices to show that the diagram of functors 



I- 



ri*I 



> IG'F' 

**F' 



GFI^GHF' 

commutes. The commutivity of this diagram follows from Proposition 12.71 □ 

The Corohary asserts that the data in the hypothesis of Proposition 12.71 gives 
an adjoint square [16| ex. 4. p. 101]. 

Lemma 2.11. If J'^^^'^'° : A, B,C,D A, B,C,D are identity functors, Ojjj 
are identity morphisms, Qj^t^tog' '^''^ isomorphisms, and if {J,Q) defir " ' 
phism 



hnes a mor- 



G' 

A 



H 



X 



A 

H 



G' 



D 



D. 
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in Sq then the diagrams 



(2.11) 



id^ 

v' 

G'F' 



G'F' 



>,G'F' 



FG 
e-*G 

FG- 



F*ec 



FG 



and 
(2.12) 



Op*/ 



FF- 
HF' 



FI 



^HF' 



commute. 



Proof. In the proof, all 2-morphisms will be either a unit, a counit or Q. 
Since it will be clear which is which, we will not label the maps. Suppose O is a 
morphisni. Then, by definition of a morphism, (I2.11|) and 



IG' 



IG' 



GH^^GH 
commute. Thus, the top center of the diagram 

FI =^ FIG'F' =^ FGHF' =^ HF' 



FIG'F' 



FGHF' 



FF- 



^ FIG'F' 



^ FGHF' 



^ HF' 



commutes. The bottom center of this diagram commutes by naturality of 0-p7. The 
fact that the left and right rectangles of the diagram commute follows readily from 
(|2.1ip so we omit the details. □ 

Definition 2.12. Fix categories A, B, C and D. Let Sq(A, B,C,D) be the 
subset of 06Sq consisting of all objects of the form 



G' 



B 



H 



D. 



We introduce three composition laws between various Sq-categories. There is 
a vertical composition from an appropriate subset of 

Sq(A,B,C,D) X Sq(C,D,E,F) 
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to Sq(A, B, E, F) a horizontal composition from a subset of 

Sq(A,B,C,D) X Sq(B,E,D,F) 

to Sq(A, E, C, F) and a rotation from a subset of Sq(A, B, C, D) to Sq(B, D, A, C). We 
now describe these laws. 

Proposition 2.13. (Vertical composition of squares). Suppose 

G" 



A 

H 



V" 

F' 



B 



D. 



^5 an element of Sq(A, B, C, D) while 



G' 

C — 

v: 



K 



F. 



is an element of Sq(C, D, E, F). If we define 
then 

G" 

A — ^B 



JH 



KI 



is an element of Sq(A, B, E, F) which has 

Proof. Our strategy is to show three diagrams commute, then arrange them 
left to right and note that the top circuit of this large diagram equals 

(J * **) o * 7) 

while the bottom circuit equals "i". First, the diagram 



FKI- 

FKI*ri" 

FKIG"F" 



> FKG'F'I 

FKG'*^* 



FK*9''*F" 



7» FKG'HF" 
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commutes by Proposition 12.71 Next, the diagram 

F*<E>''*_F'/ 

FKG'F'I > FGJF'I 



FGJ*'S'* 




commutes, as follows: The top commutes by 2ef of Definition [2TT| while the bottom 
commutes by hypothesis. Finally, the diagram 



FGJF'I = 

FGJ*^* 

FGJHF" 



e*JF'I 



JF'I 
JHF" 



e*JHF" 

commutes, by naturality of e. Combining these three diagrams left to right, we 
note that 

* / = (e * JF'I) o (i^ * * F'l) o {FK * * /) 
is just the top row of morphisms of this large diagram, while 

)Jf° = (e * JHF") o (F * $° * F") o {FKI * rj"), 
is the bottom route. The assertion follows. □ 
The proof of the following result is similar, so we omit it. 
Proposition 2.14. (Horizontal composition of squares). Suppose 
G' G'" 



B 



and 



B 



H 



v 



D 



D 



F F" 

are elements of Sq(A, B, C, D) and Sq(B, E, D, F) respectively. If we let 



$° = (G'" * $') o ($'■ * G') 



ther 



G"'G' 



B F'F'" E 

\ 
D G"G F 



H 



FF" 



is an element of Sq(B, E, D, F) .such that 
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Remark. We have assumed that the unit and counit of {F' F'" ,G'"G') are the 
canonical unit and counit one gets by composing adjoint pairs [161 Theorem 1, 
p.lOl]. 

Proposition 2.15. (Rotation). Let 

G' 



H 



X 



D 



be an object in Sq(A, B, C, D) such that I has left adjoint I and unit/counit (rji, e/) 
while H has left adjoint H and unit/counit {T]H,eH)- If = then 



B 



F' 



D 



H 



is an object of Sq(B, D, A, C) such that 



(2.13) 



HFIG'F'I ■■ 

H F*{{I*ri' ^I)or)i) 

HF- 



HF*<S>*F'I _ 

=> HFGHF'I 



{eH0{H*e*H))*F'l 

F'l 



commutes. 

Proof. By Proposition 12.71 apphed to the square 



(2.14) 



G' 

A — ^B 



H 



X 



D 



we know the diagram 
(2.15) 



HF*rij _ 

HF > HFII ■■ 



HF*ri*II 



HFI*if*I 

HFIG'F'I ■■ 



HFGFII 

HFG*^*I 



HF*<S>*F'I 



^ HFGHF'I 

'H*€*HF'I 

HHF'l 



tH*F'l 



F'l 



commutes. Since the bottom route of this diagram is exactly the top route of (|2.13p . 
it suffices to show that the top route of (|2.15p equals If we can show that the 
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second, third and fourth maps of the top route of (|2.15|) equals H * * I, then 
the assertion will follow from the definition of ^E*^. To show the second, third and 
fourth map of the top route of (|2.15p equals H * 'i' * I, it sufhces to show that the 
composition 

FI 
FGFI 

FG** 

FGHF' 



HF' 



€*HF' 



equals 5*. This follows from the commutivity of 



FI 

e^FI 

FI < FGFI 



1/ 

HF' ^ 



<i*HF 



FG** 

,FGHF' 



□ 



2.3. Indexed categories 

We define the terms indexed category^ indexed functor^ and indexed natural 
transformation. We give relevant examples of the above terms. In the next section 
we will use some of the consequences of Proposition 12 . 71 to give criteria as to when 
a family of functors or natural transformations is indexed (Propositions 12.251 and 

Definition 2.16. [13 p. 63] Let S be a category with finite limits. An S- 
indexed category, 21, consists of the following data: 

(1) for each e S, a category A*^, 

(2) for each f : W ^ V m S & functor f*:A^^A^, called an induced 
functor 

(3) for each composable pair 

a f 

in S, a natural isomorphism S/^g : g* f* =^ if 9)*, 

(4) for each in S, a natural isomorphism Tw : (Iw)* =^ Ia^*) 

subject to the following compatibilities: 
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(CI) for each composable triple X — W — V — U in S, the dia- 



gram 



ifghy 



commutes, and 
(C2) for each f -.V ^ U inS, 

Note that we have not specified a category structure on 2t, so that an indexed 
category is not a category. 

Lemma 2.17. |15t (3.6.2), p. 104] Suppose X, Y and Z are ringed spaces with 
maps between them 

a f 
X Y — ^ Z. 

Then there is a unique isomorphism g*f* {fg)* making the diagrams 

if9nf9)*^9*nf9)*^9*rf*9* 



and 



idqcohx <= 

ifgUfg)* ■ 

idqcohz = 



: g*g^ < 9*1* 1*9* 



if9)*9*f* f*9*9*f* 



f*r 



> f*9*9*f* 



commute. 



Proof. Since (fg)* = f*g*, the unique isomorphism g*f* (fg)* is due to 
the uniqueness of the left adjoint of a given right adjoint. □ 

The following example will be used in the next chapter to define r„. 

Example 2.18. Suppose / = {1, . . . , n}, {Xi}^^j are schemes and U is an afRne 
noetherian scheme. We remind the reader that Xi{U x Xi)ij is the product of the 
n spaces U Xs Xi over U. Let S denote the category of afhne noetherian schemes, 
and let XiXi denote the indexed category defined by the following data: for each 
U eS, let 

XiXi^ - Qcoh X, {U xsX,)u. 
For each f : V ^ U in S, \ct 

f = x^{f X IxJ : ^^{V X X,)v ^ x,(C/ X X,), 

and let 

r = f* : (xiXi)^^(xiXi)^. 
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For each composable pair 



W ■ 



f 



u 



in S and each object Ai in (xjX;)'^, let 



be the isomorphism constructed in Lemma 12.171 Finally, for each f7 in S and each 
object M in (xiXi)^, let 



XiXi 



be the canonical isomorphism of O 



Xi{UxX,)u 



-modules 



M. 



To verify that XiXi is an S-indexed category, we must verify that our morphisms S 
and T satisfy conditions (CI) and (C2). These conditions may be checked locally, 
and XiXi is indeed an S-indexed category. 

Definition 2.19. IT, p. 63-64] Suppose 21 and 03 are indexed categories. A 
weakly indexed functor : 21 — > *B consists of the following data: 

(1) for each W eS, a, functor , 

(2) for each f : W ^ V in S a natural transformation 



A/ : rF"" 



pW J* 



subject to the condition 
(F) for each composable pair 



u 



in S, the diagram 



commutes. If is an isomorphism for all / in S, then we say 5^ is 
indexed. 



Example 2.20. We retain the notation from Example 12. 181 Suppose X and Y 
are noetherian schemes. We define an S-indexed functor, : X ^ 2). Let be an 
Cx-Oy-bimodule JSH). For [/, V e S, suppose p : {U xX)xu{U xY) ^ Xy.Y is 
the projection map and, for each U G S, let pr,^ : {U xX)xu{U xY) UxX,UxY 
be the standard projection map. If 



^p*T) : QcohJ/ X X ^ Qcoht/ x Y, 
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then we check that ^ satisfies Definition l2.19l 2. Suppose / : — > [/ is a morphism 
in S, /x = / X idx, fv ^ f x idy, fxY = fx ^ fv and suppose M is an Ouxx- 
module. Since 



(2.16) 



{V X X) xv {V X Y) 



fxY 



[U X X) xu {U X Y) 



W2 

V xY ■ 



/y 



U xY 



is a puU-back diagram, we will later show (Proposition 13. 3[) the dual 2-cell of the 
square induced by (|2.16p . applied to the functor pr^*^* — ®p*T, 

/y*pr2''.(pri^* - ®P*^) - /y*i^^, 
is an isomorphism. On the other hand, there is a natural isomorphism 

Pr2''jxy(pri^* - ®P*^) =^ F^'fx*. 
Composing these maps, we have a natural isomorphism 

Af:fY*F^=^F^fx* 
as desired. We will show in Lemma [3.331 that these maps satisfy (F). 



Definition 2.21. [iTl p. 64] Suppose S', 5'' : 21 ^ S are two weakly indexed 
functors. An indexed natural transformation A : ^ => ^' consists of a natural 



transformation A*^ : 
S, 

(2.17) 



F' for each [/ G S such that for each f : V ^ U in 



u 



A/ 
pV J* 



^f*F 



A' f 



commutes. 

We mention a convention we will employ. Suppose we are given, for each 
[/ e S, a category A*^, and for each morphism / : 1/ — > ?7 in S we are given a 
functor /* : A*^ . If we show that this assignment satisfies the axioms of an 

indexed category, then we will write 21 for the resulting indexed category. 

S-indexed categories, functors, and natural transformations form a 2-category 
in an obvious way |8l p. 45]. For example, if 2t, *B and £ are S-indexed categories, 
f : V ^ U is a morphism in S, : 2t — > 03 is a weakly indexed functor with indexed 
structure : f*F^ ==> F^ f* and © : 2S ^ £ is a weakly indexed functor with 
indexed structure A^ : f*G^ f* , then the indexed structure of (3^ is given 

by the composition 



(2.18) 



f*QUpU ^ 



>G^f*F^ 



^G^F^f* 



We make use of this fact routinely. 
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Example 2.22. Retain the notation of Example 12.181 Suppose J C I = 
{l,...,n} and, for each U E S, prj : Xi^i{U x Xi)u Xie.j{U x Xi)u denotes 
projection. Then the S-indexed set {prj*} induces, given the obvious A in Defini- 
tion [2Tl9l an indexed functor pr} : x^gjXi Xig/Xi. It is easy to prove this by 
locahzing, since the locahzation of a sheaf under an inverse image functor is easy 
to describe in terms of the locahzation of the sheaf. Similarly, if V is in Qcoh XiXi, 
and if pY : U x Xi ^ Xi is projection, then — 'S)Ox.(uxx-)^ (^iPF)*^ induces an 
S-indexed functor, as above. Thus, compositions of these functors are indexed. 
Similarly, if there is some family of natural transformations (indexed by S) between 
two such indexed functors, then one can check whether or not such a family of 
transformations is indexed by localizing. We will routinely suppress these sorts of 
computations. 

Although we will not make use of this fact, we mention that indexed cate- 
gories have a coherence theorem ( \17[ Theorem, p. 61]) for diagrams involving S's 
(Definition [131 (3)), T's (Definition [lH (4)) and G's (Definition [lH (2)). 

2.4. Squares of indexed categories 

In the next chapter, we will have many examples of families of functors whose 
ostensible indexing structure, A (Definition l2.19l (2)). happens to be the dual 2-cell 
of some square of indexed categories (Definition 12.2611 . We show that the family 
of canonical 2-cells associated to a square of indexed categories is indexed if and 
only if the family of dual 2-cells is indexed fCorollarv l2.27p . We also give suflScient 
conditions for a family of functors between indexed categories to be weakly indexed 
(Proposition [2?25l) . 

Definition 2.23. An indexed category is said to be adjointed if for each 
/ : y — > J7 in S, there is an adjoint pair (/*,/*) with unit and counit (r?/,e/) 
where /* is the functor induced by /, such that there is a natural isomorphism 
^f,g '■ if 9)* f*9* which induces ^f,g ■ g* f* =^ if 9)* ^^^id such that if 

g f 

are morphisms in 5, then the pair associated to fg is iifg)*if9)*) with unit and 
counit 

(2.19) {{flj^g * Ef^g) o (/, *r]g* /*) o 77/, eg o {g* * e/ * g^) o SJ^ * %,,,). 

Example 2.24. By Lemma [2.171 the indexed category X" is adjointed. More 
generally, if S is the category of schemes, it is easy to show that the assignment 
W E S t-^ QcohW makes S an index for an indexed category, S which, in light of 
Lemma [2.171 is naturally adjointed. 

Proposition 2.25. Let 2t and 5B be S-indexed, adjointed categories. Suppose, 
for each U E S, there is a functor : l\P — > B'^. In addition, suppose for each 
morphism f : V ^ U in S, there is a natural transformation 

^f:H''f,=^f.M'' 

such that if 

g f 
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is a diagram of objects and morphisms in S, then 



H^{.f9).^{fg).H' 



tW 



commutes. Let 



be the dual 2- cell of the square 



V* 



H'' 



/* 



Then 'if gives the set {-f^*^} the structure of a weakly indexed functor. 
Proof. Let 

be a diagram of objects and morphisms in S and consider the horizontal diagram 

g, f. 



/A 



B 



w 



B 



V 



B 



U 



9* /* 

The horizontal composition of these squares is the square 



V 



X 



g'f 



with unit/counits (r?, e), where 

$ = (/**$g)o($/*5f*). 
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Suppose \1/ is dual to $. By Proposition l2.14( the diagram 



JjVV g* J* 



commutes. Thus, to complete the proof, we must show that the diagram 





9*rH 



u 



commutes. By Lemma 12.111 in order to show this diagram commutes, it suffices 
to show that the data ja"\a-,b»-,b- ^ : A^, A^, B^, ^ A^,A^, B^, B^, 
®(/9)* ~ "/s' ®/-9* ~ ^/9' ^H'''-' equal identity transformations, defines a 
morphism (J, 6) 



/.9. 



g'f A 

V 

X 



A'^ ^A^ 



g'f 



Ug)' 



We proceed to show (J, 8) is a morphism. Since 2t and 05 are adjointcd, the 
diagrams 



id: 

f*9*9*f* 



„*g*f* 



(/9).* = /.g 

{fgWr 



g*f*f*9* 



id: 



^id 



commute. Thus, we need only show that the other data defining a morphism. 



f*H 9* 



f*9*H'^ =^ {f9)*H 



w 



commutes. This is true by hypothesis. Thus, the hypothesis of Lemma 12.111 are 
satisfied by (J, Q) so (J, 9) is a morphism and the result follows. □ 
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Definition 2.26. Suppose 2t, *B, £ and D are S-indexed categories, g', 
and 3 are S-indexed, © and & are weakly S-indexed, and for each U E S, 



C 



u 



D 



u 



is a square. A square of indexed categories consists of the above data, denoted 



05 



s 




such that for each morphism f -.V U vaS, the diagrams 
(2.20) 

IV r 

r] */ 



G'^*Af"' Af-^G"^ 



pVQV J* 



where A gives the indexed structure of the various (weakly) indexed functors, com- 
mute. 



Remark. If 



6' 

s 




is a square of indexed functors, then e and rj' are indexed natural transformations 
by (I22Q1). 



Proposition 2.27. Suppose 
(2.21) 



6' 




is a square of indexed categories. Then $ : 3©' =4> ©ij is an indexed natural 
transformation if and only if '5 : ^3 =^ Sj^' is an indexed natural transformation. 
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Proof. Since ()2.21|1 is a square of indexed categories, e and 77' are indexed 
natural transformations. Thus, by definition of 5*, tlie fact that is indexed implies 
\E' is indexed. 

Conversely, since, for every / : y — > J7 in S, the diagrams (|2.20p commute, then 
by Corollary [121 



and 



/* 



A«' 
~ ^ [ 



r 



r 



A\ 



/* 



are squares with duals (A^ ) ^ and (A-'^) ^ respectively. Thus, by Proposition l2.7[ 
the diagrams 



f*QUpU 



n *f 



■ QV pV J* 



G^*Ap' Af"'*G'^ 



e *f 



^qV ppU 



f*piUQr 



/*«" 



commute also. Thus, 77 and e' are indexed so that by definition of the fact that 
^' is indexed implies $ is indexed. □ 

The following easy result gives criteria for a family of squares to be a square of 
indexed categories. 

Lemma 2.28. Suppose 21, ?B, £ and S are S-indexed categories, ^, ^' , 0, & , 
9j and J are S-indexed functors, and, for each U S, 



(2.22) 



G^^ 



is a square. Then this data defines a square of indexed categories if and only if, for 
all f -.V 



(2.23) 



G'^ 



and 



G' 



G' 



/* 



V' 

A' 



are squares with duals (A^ ) ^ and (A^ ) ^ respectively 
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Proof. Suppose ()2.23p are squares with duals (A-'^ ) ^ and (A^) ^ respec 
tively. Then the diagrams 
(2.24) 



pv j*qU f^*'^'^ ^ F^G^ f* 



f'*n'^ 



G'^*A 



f*G'" F'" > G'^ f*F 



r 



must commute by Proposition 12.71 so that (|2.22p defines a square of indexed cate- 
gories. 

Conversely, if (|2.22p defines a square of indexed categories, (|2.24p commutes by 
definition. □ 



CHAPTER 3 



Construction of the Functor r,^ 

All schemes introduced in this chapter are separated, noetherian schemes. As 
before, we let S denote the category of afFine noetherian schemes. We use the results 
in the previous chapter to define the functor r„. After we review the definition of 
bimodule and bimodule algebra and give basic properties of these objects, we show 
that if / : V ^ ?7 is a morphism in S, / = / x idx :VxX^UxX,B 
is an ©[/xx-bimodule algebra f Definition I3.19[) and is a B-module (Definition 
I3.19p . then f^*B inherits a bimodule algebra structure from B and f*A4 inherits a 
module structure from A4 (Theorem I3.39|) . These observations are required 
in order to define r„ (Definition I3.47P and this definition concludes the chapter. 

3.1. Bimodules 

We define the term bimodule. We use a slightly different notion than that 
appearing in [26) . 

Definition 3.1. Let y be a scheme, and suppose A4' is a coherent Oy-module. 
Then the set Supp M' is closed ( \12[ Proposition 1.22 i]). From now on, we abuse 
notation by calling this closed set with the induced reduced scheme structure Supp 
M'. 

Definition 3.2. Let / : F — > X be a morphism of schemes and let A4 be 
a quasi-coherent Oy-module. We say Ai is relatively locally affine (rla) for 
/, if for all coherent Ai' C A4 one has that /Ig^pp affine. We call the full 

subcategory of QcohF consisting of all quasi-coherent Oy-modules which are rla 
with respect to / rla/. 

Compare gSl Definition 2.1, p.439]. 

The next result is a variation on |261 Proposition 2.2]. The only difference 
is that we work with maps that are relatively locally affine, while Van den Bergh 
works with relatively locally finite maps. The proof of the following result is the 
same as that appearing in ■26|. 

Proposition 3.3. Let Z, Z' , and Y be schemes, and let f :¥ ^ Z , p : Z' ^ Z 
be morphisms. 

(1) (Projection formula) If M is an Oy-niodule, rla for f , and J\f is a quasi- 
coherent Oz -module, then the map 

(3.1) ■■ f.M®Oz^ f*{M®o^ f*M) 

appearing in Examvle \2.5\ is an isomorphism. 
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(2) (Base change) IJ there is a puUback diagram 

p 

Y' -!-^Y 

/' / 



and if M is a quasi- coherent Oy-module, rla for /, then p'*Ai is rla for 
/', and the map 

(3.2) ■■ P*f*M ^ f'J*M 

dual to (f> in Example \2.4\ is an isomorphism. 

Remark. In the previous proposition, it is important that the maps p.ip and 
(13. 2p are those constructed in Examples 12.41 and 1 2 . 51 respectively. With these choices 
of maps, one can show that the tensor product of bimodules is associative in such a 
way that the associativity isomorphisms satisfy MacLane's pentagon axiom (Propo- 
sition (BTH) . Thus, the category of Ox-bimodules is a monoidal category with its 
tensor product. This allows us to define an Ox-bimodule algebra as an algebra 
object in this monoidal category. 

We now define bimodules. Our definition is essentially the same as |26[ Defini- 
tion 2.3, p.440]. 

Definition 3.4. Let X and F be schemes. An Os-central Ox-Cy-bimodule, 
or just an Ox — Oy-bimodule when the base S is understood, is a quasi-coherent 
Cxxsi'-niodule, rla for the projections pr^ 2 ■ X xgY ^ X,Y. 

For completeness, we define the tensor product of bimodules and prove some 
basic facts about this product. The following Definition and Proposition are from 
[26] . For the remainder of Section 3.1, let pr,^- : X xY x Z ^ X xY,Y x Z, X x Z 
be the standard projections. 

Definition 3.5. [Ml p.442] If M is an Ox - ©F-bimodule and M is an Oy - 
O^-bimodule then the tensor product of A4 and Af is an Ox — O^-bimodule, 
defined by 

M (E)Oy ^ = Wl3,*iWl2*M (^OxxYxz Pr23*-^)- 

Suppose M is an Oy-module and JV is an Oy — Oz-bimodulc. If pr^ : Y x Z ^ 
y, Z is a projection, then we define 

M ®Oy ^ = Pr2*(pr^-^ ®Ovxz ■^)- 
Associativity of the tensor product is established using only the canonical isomor- 
phisms in Proposition l3.3l For the readers convenience, we include the proof of this 
fact appearing in [26j . 

Proposition 3.6. Proposition 2.5, p.442] The tensor product of bimodules 
is associative and satisfies MacLane's pentagon axiom. The tensor product of a 
coherent module to the left of two coherent bimodules is associative. 

Proof. Let Xi, X2, X3 and X4 be schemes. For / C {1, 2, 3, 4} denote by Xj 
the product Xi^jXi and for / C J C {1, 2, 3, 4} let pr/ be the projection Xj Xj. 
Let Mi^i+i be an Og-central Oxi — OjCi+i-bimodule. Then 

iMi2 ®Ox^ (^Oxs 
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is by definition, 

(3.3) pr}|t(pr}r*pr}23(prif ®a.,,, prlf*M,,) ®o.,,, P^f *A^34). 
By Proposition [331 (2) applied to the diagram 

^1234 ^ -''^123 

-''^134 ^ -''^13 

it follows that 

134* 123 ^ 1234 1234* 

Pri3 P^is* — Pri34*Pri23 

hence p.3p is isomorphic to 

Pr}^t(pr}^i:pr}i^*(pr}f *A^i2 ®o.,,, W^t ®o.,3. P^sf *-^34) = 

(3.4) pr}l^(pr}ilt(pr}r*A^i2 ®o.,,,, w\T* M,,) ®o.,,, wITM^,). 

Applying the projection formula (Proposition 13. 31 (1)) for pr}§4'* shows that p.4|) is 
isomorphic to 

pr}l^(pr}it(pr}r*A^i2 ®o.,,3. wlT* M,, 0o.,,3. prJlf* prjf* -M34)) = 

prl^f (pr}r*-Mi2 ®o.,,3. W'^'*M,, 0a.,,3. V^IT^M,,). 
A similar computation shows that we get the same result if we start from 

A^12 ®Ox^ (-^23 ®Ok., Mii). 

This yields a natural isomorphism between 

(A^12 ®Ox^ ®Ox3 -^34 

and 

A^12 ®Ox^ ®Ox3 Mzi). 

An easy, but very tedious verification shows that this isomorphism satisfies the 
pentagon axiom. 

The final assertion is proven in a similar way. □ 

Ox — Oy-bimodules also have left and right multiplication maps which we now 
describe. 

Proposition 3.7. ,26,, Definition 3.1, p. 449] Suppose X and Y are schemes, 
d : Y Y y.Y is the diagonal, B is any Oxxy -"module andC is any Oyxx -module. 
There exist natural isomorphisms : d^Oy^OyC C and : B®Oy'^*^y — > B 
called the left and right Ox -linear multiplication maps or the left and right scalar 
multiplication maps. Similarly, if A4 is any Oy -module, there exists a natural 
isomorphism ^O : Ai (E)Oy d*C>Y M- 

Proof. We describe the left multiplication map. The construction of the right 
multiplication map is similar, so we omit it. Let e — \dx x d. We note that there 
is a puUback diagram 

pro 

X X r — -^Y 

e d 

X X r2 — ^y2^ 

p'23 



38 



3. CONSTRUCTION OF THE FUNCTOR 



Thus, 

(3-5) pri3Jpr*2S pi*^d^Ox) = pv^^^^ipil^B ® e^pr^O^) 

= pri3*e,(e*pr^2'^ ® P^^x) 
— e*pr23;B ® prjOx- 

where the first isomorphism is induced by the canonical isomorphism (Proposition 
13.31 (2)) while the second isomorphism is the projection formula (Proposition 13.31 
(1)). Now, pr2C'x = Ox^ and pri2e = id so e*pr23B (g) pr^Ox = B. 

The assertion involving Ai is proved in a similar fashion. □ 

We show that bimodule tensor products share various properties with ordinary 
tensor products of modules. To this end, we introduce the scheme theoretic support 
of a bimodule. 

Proposition 3.8. il2i Proposition 1.27, p. 59] Let T be a coherent Ox- 
module. Let I be the annihilator of J- . Give Supp T the topology it inherits from 
X, and let i : SuppJF X be inclusion. Then {Supp J-,i^^{Ox /T)) is a closed 
subscheme of X . 

Definition 3.9. Keep notation as in Proposition l3.8l The scheme theoretic 
support of J^, denoted SSupp^, is the scheme {Supp !F , {Ox /I)) ■ 

Lemma 3.10. Let i : Z ^ X be a closed immersion of schemes which is a 
homeomorphism on spaces. IfUdZ is affine, and if i{U) is not affine in X, then 
there exists a point p S U such that Oz.p = 0. In particular, ifY is noetherian, A 
is a coherent Oy -module, 

i : Supp A SSupp A 
is inclusion, and U C Supp^ is affine, then i{U) C SSupp ^ is affine. 

Proof. We begin by showing that the second claim follows from the first. If 
Z — Supp A, and if p G then since Ap ^ 0, Oz,p 7^ 0. 

To prove the first claim, we note that since i is a closed immersion, there is a 
surjection Ox —> i*Oz, so that we have a short exact sequence 

O^J^Ox^ i*Oz ^ 0. 

Thus, Oz{U) ^ Ox{i{U))/J{i{U)). By hypothesis. Spec Ox{i{U)) /J {i{U)) ^ 
i{U). If i{U) is not affine in X then Spec Ox{i{U)) ^ Spec Ox{i{U)) / J{i{U)) ^ 
i{U). Thus, there exists a prime of Ox{i{Uy), p, which does not contain J{i{U)). 
We may then deduce that Jp = Ox,p, so that Oz,p = 0. □ 

Corollary 3.11. Suppose f : Y X is a morphism of schemes and suppose 
M is a coherent Oy -module which is rla with respect to f . Suppose j : SSupp tVI — > 
Y is inclusion. Then fj is affine. 

Proof. If i : SuppA^ SSupp and k : Suppf^ Y are inclusions, then 
the diagram of schemes 

SuppX — ^ Y — ^ X 

j 

SSupp 
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commutes, so ji ~ k. Since fk is affine by hypothesis, fji is affine. Thus, iiVcX 
is afhne open, then i^^j^^f^^{V) C Supp is open affine. By the previous lemma, 
f~^{V) is affine. Thus fj is affine, as desired. □ 

Lemma 3.12. Let f : Y ^ X be a map of schemes. If Ai and Af are Oy- 
modules which are rla with respect to f , and if (j) : A4 —> J\f is an epimorphism, 
then f^,(j) is an epimorphism. 

Proof. Since the image of a coherent module is coherent, (j) determines a 
direct system of epimorphisms : Mi — » A/i between coherent modules whose 
direct limit is (j). Since direct limits are right exact, it suffices to prove the Lemma 
in the case that A4 and TV are coherent. Let i : SSuppTV Y he inclusion. By 
naturality of the unit of the adjoint pair the diagram 

f,M -Jl^ fM 



ft,i*i*M. ^ f^,it,i*N 

whose verticals are the unit of commutes. Since (j) is an epi, SSuppA/" C 

SSuppAl so that the left vertical is an epimorphism. Since JV is rla with respect 
to /, fi is affine by CoroUarv 13.111 so the bottom horizontal is an epimorphism. 
Finally the right hand vertical is an isomorphism. Thus f^(f) is an epimorphism as 
weU. □ 

Definition 3.13. Let X, Y, and Z be schemes, and suppose £ is a Oxxy- 
module and T is an Oyxz-module. £ and ^ have the afRne direct image prop- 
erty if the restriction of the projection map pr^^g to 

SSupp(pri2*£^ (g)pr23*J^) 

is affine. 

The following result is an immediate consequence of Corollarv l3.11l 

Lemma 3.14. If £ is a coherent OxxY-module and J- is a coherent OyxZ- 
module, then £ and T have the affine direct image property if the restriction of the 
projection map prj^g to 

Supp(pri2*f (g)pr23*J^) 

is affine. 

Of course, we have the following 

Lemma 3.15. If £ is an Oxxv-bimodule and T is an Oy x z -bimodule, then 
prj^2^ ® P^23-^ '"^'^ respect to pr^^g. In particular, if £ and J- are coherent, 
then £ and T have the affne direct image property. 

Proof. Since X x Y and Y x Z are noetherian, £ and T are direct limits of 
coherent submodules. Furthermore, since pr*2, prjg and —(g)— commute with direct 
limits, pr^2f ® P^23*^ is a direct limit of submodules of the form pr5|;2^^' ® pi^23^'^ 
where £' and are coherent submodules of £ and T, respectively. Thus, if is a 
coherent submodule of pr5^2^ ^ pr23-^i then the fact that X xY x Z is noetherian 
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implies is a submodule of prl2^' ® fo^' coherent submodules £' and of 

£ and J- respectively. In particular, it suffices to prove the Lemma in the case that 
£ and J- are coherent. 

We next show that pr^^g restricted to Supppr^2'^ ® pr23-^ affine. Let U C X 
and V C Z he affine open sets. Since £ and T are coherent bimodules, U x 
Y n Supp £ and Y x V Ci Supp J- are affine open subsets of Supp £ and Supp J- 
respectively. 

Since £ and T are coherent, 

Supppr*25 (g) pr^aJ" = Supppr^j^ n Supppr23J^. 

In addition, Supppr*2£ = pr^^j^ (Supp £) and Supppr23J-' = pr23^(Supp J^). Thus, 
P^Ta ^ ^) restricted to Supp prl2£ ® Pi'23-^ is 

(3.6) {U xYn Suppf ) xV nU X {Y xV n Supp JT). 

The latter set is the intersection of affine open sets. Since SuppprJjiP ® Pi'23-^ is 
separated, (|3.6p is affine. 

By the previous lemma, £ and J- have the affine direct image property. It 
follows that prj^g restricted to SuppAl is affine as desired. □ 

Corollary 3.16. [26l Proposition 2.6, p. 443] The tensor product of bimodules 
is right exact. 

Proof. By Lemma [3.151 Lemma [3.121 applies . so that the result follows from 
the fact that ordinary tensor products and inverse image functors are right exact. 

□ 

Lemma 3.17. Let X be a scheme, and suppose 

^ /C M M' ^ 



and 

— -^M^^N' ^0 

are short exact sequences of Ox -modules. Then 

ker0 = {k ® 1){1C ® M) + {I ® -f){M ® C). 

Proof. By the naturality of the tensor product, we have a commutative dia- 
gram 

JC®M M®N M' ®N ^0 
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M (it) M' —t M' ® N' 

whose top row is exact. Thus 1(/C® A/") C ker(/)®-0. Similarly, 1®^{M® C) C 
ker (j) ®ij}. Thus 

K®l{'IC®M) + l® 7(7W (8) £) C ker (g) V' 

defines an inclusion between these sheaves. Thus, to show equality, we need only 
show equality locally. But local equality follows from |18[ formula 7, p. 267]. □ 
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Corollary 3.18. Let X , Y and Z be schemes and suppose 

^ /C M M' ^ 

is a short exact sequence of Ox xY -modules, 

*-£ ^Af' ^0 

is a short exact sequence of OyxZ -modules, and M. and J\f are bimodules. Then 

Proof. We have short exact sequences 



and 



w\2<wl2^ WI2M WI2M' 



w*23l{wlz^) przsA/" Pr23-A^' 0. 



Thus, by Lemma [3.17| 

ker(pr*2(;!) ® pragV') = 1 8) pr237(prj2-^ ® wlz^^) + pri2'« ® l(pri2^ ® W2Z^)- 

Since Wiz* is left exact, 

Pri3* ker(pr*2(/) ® pr^a-^) = kerpri3^(pr*20 ® wl^i^)- 

Since aU modules involved are bimodules, pr^jAI ® pr23'^^, Wi2-^ ® Pi'23-^j ^"^^ 
pr^jA^ ® pr23-''^ rla with respect to prj^g. Thus, by Lemma 13.121 and a variant of 
[2^1 Proposition 2.2 (2), p. 439], 

Pri3*(l ® Pr237(prt2-^ pr23'^^)) + Pri3*(prl2'« ® l(prt2^ ® W2Z^)) = 
Pri3*(l ® Pr237)(pri3*(prl2-^ ® Pr23''^))+ 
Pri3*(prl2« ® I)(pri3*(prt2^ ® Pr23-^)) 
as desired. □ 

3.2. Bimodule algebras 

We review the definition of bimodule algebra and modules over a bimodule 
algebra from 



Definition 3.19. [26l Definition 3.1, p.449] 

(1) An Ox-bimodule algebra B is an algebra object in the category of 
Ox-bimodules. 

(2) A (right) ;B-module M. is an Ox-module, together with a right Ox- 
linear multiplication map \xm ■ -M (Sox B ^ A4 satisfying the unit and 
associative axioms. 

We elaborate on item (1), above. B is an algebra object in the category of Ox- 
bimodules if d : X ^ AT x AT is diagonal and there exist Ox-linear maps v : (i*Ox — ^ 
B and ^, : B ® B B satisfying the following axioms: {associativity) the diagram 

(3.7) B(dB®B''^^B®B 

B®B ^B 
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commutes, (left unit) the diagram 
(3.8) d,Ox<E)B- 




commutes, and finally, 

[right unit) the diagram 



B®d.,0 




B®B 



(3.9) 



commutes. The associativity and unit axiom for a right S-module are analogous to 
associativity and the right unit axiom above. This construction can be graded: 

Definition 3.20. [26l p.453] 

(1) A graded Ox-bimodule algebra B is an Ox-bimodule algebra, equipped 

with a decomposition © B fi &-S Ox~t)ilIlodulGS such tliat fj> — © f-^n,m 

with 

nez nez 
/i„i,„ mapping B,n ^Ox Bm+n and with v{d*Ox) C Bo- 

(2) A graded (right) S-module Ai is equipped with a decomposition Ai ~ 

®Mn and ^J.m = © (Aix)m,n with {nM)m.n ■ Mm ® Bn ^ Mm+n 

Definition 3.21. Let ;B be a graded Ox-bimodule. Then J c S is a graded 
two-sided ideal of B if 



and 



I = ^InB^ 



i>0 



and 



where Xi = X Ci Bi 



fj.ij{Xi ® Bj) c Xi+j 
fJ-ij{Bi ®Xj) c Xi+j 



Lemma 3.22. Suppose B is a graded Ox-bimodule algebra and X is a graded 
ideal of B. Then B/X inherits a graded bimodule algebra structure from B. 

Proof. We define the multiplication for B/X. The proof that this multiplica- 
tion defines a bimodule algebra structure is straightforward but tedious, so we omit 
it. Since I is a graded ideal, we note that Xi ® Bj + Bi ® Xj is in the kernel of the 
composition 

B^ ® Bj -^-U- Bi+j 1- Bi+.j/X,+j. 



By Corollarv l3.181 we have an isomorphism 

B, ® B, 



B, + B, 



X,, 



B, 
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Give B/I the grading [B/I)i = Bi/Ii and define the multiplication on S/I as the 
composition 

li Ij li ® Bj + Bi^ Xj li+j 

□ 

We omit the routine proof of the following 

Lemma 3.23. Suppose B is a graded Ox-bimodule, X (Z B is a graded ideal and 
M. is a graded B-module such that, for all i, the composition 

Mi ® Ij Mi ® Bj -^-^ M.,+j 

is zero. Then M inherits a B/T-module structure. 

Definition 3.24. Let F be a scheme. An N-graded Oy-bimodule algebra B 
is generated in degree one if, for all j > 1, 

Hij : Bi <S)Oy I3j Bj+i 

and 

: Bj (Sioy 

are epimorphisms. 

An N-graded right ;B- module M is generated in degree zero if, for alH > 0, 
is an epimorphism. 

Example 3.25. (Quotients of Tensor Algebras). f2r, Defintion 2.11, p. 22] Let 
be a coherent O^-bimodule. The graded bimodule algebra T{T), the tensor 
algebra of JP", is defined as follows: {T{T))^ = T®^ for i > 1 and {T{T))o = d^Ox, 

^JL^j : T®' (E) T®^ -> T®'+^ 

is just the usual isomorphism of tensor products, and the unit map is the identity 
map. 

If X is a graded ideal of T{!F), then T{!F)/X inherits a bimodule algebra struc- 
ture from T{T). It is easily seen that T{T)/I is generated in degree one. 

Lemma 3.26. Let Y he a scheme and let B he an N-graded Oy -bimodule algebra 
generated in degree one. Let M be an N-graded (right) B-module generated in degree 
zero, with multiplication maps (xf^ . If, for each « > 0, there exists an Oy-module 
morphism ipi : Mi — > Mi such that the diagram 



M^®Bi^^M^ 



-1 



+ 1 



Mi ® Bi -j^ M.,^ 



commutes, then the map ^ : M ^ M whose ith component is ^jji, is a B-module 
map. 
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Proof. To prove the lemma, we need to show that for aU j > 1, the diagram 
(3.10) M^(^Bi —^M.,^ 



Mi (g) Bj 
Mi ® Bj 



+3 



commutes. We proceed by induction on j . By hypothesis, p.lOp commutes when 
j = 1. Suppose (|3.10p commutes when j is replaced by j — 1. We must show (I3.10p 
commutes. To prove this fact, we claim that all faces of the cube 



Mi®Bi® B 



Mi®Bi® Bj-i 




■ Mi+i ® B.-i 



Mi ® Bj 



■ Mi+j 



Ml (g) Bi 



■ M 



i+j 



whose maps into the page are tensor products of V' and whose other maps are tensors 
of multiplications, commute. To prove this, we need only show that all faces except 
possibly the bottom commute, since by the hypothesis that B and M are generated 
in degree one, the left vertical maps are epis. The top and right face commute by 
the induction hypothesis, the left face commutes by naturality properties of the 
tensor product, and the front and back face commute by the associativity of /i^. 
The result follows. □ 



Lemma 3.27. Let n he a positive integer. Let Y he a scheme and suppose B is 
an N-graded Oy -himodule algehra such that 

• the unit map v : d^Oy Bq is an isomorphism and 

• the multiplication map fii,j is an isomorphism for j + I < n. 

Suppose, further, that for < i < n, Mi is an Oy -module and, for < i < n there 
exists a map Vi : Mi (><)oy ^ Mi+i- Then there exists a unique multiplication 
map /i-^ such that {n'^)i — Vi, making M — ©"^o-^« ^ truncated B-module of 
length n + 1 . 

Proof. We define {lJ.''^)i,j inductively. For Q < i < n, define (^■^)i.o as the 
composition 

Mi ®Ox ^0 ^ Ml ®Ox d*Ox Mi, 

where the rightmost map is right multiplication. Suppose, for < i < n and 
< j' < j with i + j < n, {fJ,^)i,j' is defined. For < i < n such that i+j < n, 
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define (fJ- as the composition 



Mi ®Ox >3j 



M 



i+j 



For all combinations of i and j such that ^ij has not been defined above, let 
{lJt^)i,j = 0. From this definition it is obvious that satisfies the unit axiom. 
We show that is associative by showing that, if i, j, k are nonnegative integers, 
then the diagram 



(3.11) 



■M.i®Ui k 

Ml Bj ® Bk ^ Ml Bj+k 



1,^ 



M 



i+j 



Bk 



■ M 



i+3+k 



commutes. If i + j + fc > n, then both routes of the diagram are 0. Otherwise, the 
diagram can be decomposed into a collection of pairs of diagrams 



Mi' ® Bj, ® Bk' 



■Ml 



Ml' (»Bii» Bj'-i (g) Bk 
Mi'+i ® Bj'-i (g) Bk' 



Mi, 



•-i-i'-i.k' 



Bj'+k' 



Mi' (E)Bi(E) Bj'+k'-i 



M 



■Ml 



B,' 



' + l«)A'j'-i,fc' 



j'+k'-l 



stacked vertically. The top square commutes by associativity of fj,, while the bottom 
square commutes by functoriality of the tensor product. Thus, p.lip commutes. 
The fact that fi^ is unique follows from its construction. □ 



3.3. Lifting structures 

Let X and Y be schemes. We show the associativity of the bimodule ten- 
sor product and the left and right scalar multiplication maps are indexed, relying 
heavily on results from the previous chapter. We then use this fact to show that if 
f : V U is a morphism in S, / = / x idx : V x X ^ U x X , B is an Ouxx- 
bimodule algebra and M is a i3-module, then f^*B inherits a bimodule algebra 
structure from B and f*M inherits a module structure from M. 

Lemma 3.28. For any pair of schemes Xi and X2 over a base scheme W , let 
Bimodvi/(^i —^2) denote the category of Ow-central Oxi — O X2 -bimodules and let 
bimodvi'(^i— ^2) denote the category of coherent Ow -central Oxi—Ox2-bimodules. 
If X and Y are schemes, then the assignments U ^ Bimod[/(C/ x X — U x Y) and 
U Cohf/ X X , where U € S, define S-indexed categories *Bimot)(X — 2)) and 
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Proof. We note that B\modu{UxX — U xY) is a full subcategory Qcoh((?7 x 
X) X{j {U X Y)) and CohU x X is a full subcategory of QcohC/ x X. Since the 
assignments U ^ Qcoh((C/ x X) Xjj {U x Y)) and U i— > QcohC/ x X define indexed 
categories as in Example 12. 18i the assertion follows. □ 

Lemma 3.29. Let I and J be finite sets and let {Ai}i^i and {Bj}j,zj be collec- 
tions of schemes. For all morphisms f : V ^ U in S let /a = Xi(/ x id^J and let 
/b — X idsj)- Suppose, for all U eS, there exist morphisms 

: Xi{U X A,)u ^ Xj{U x Bj)u 
such that, if f : V ^ U is a morphism in S, then the diagram of schemes 



(3.12) 



Xi{V X Ai)v 



Xj{V X Bj)v 



fA 



Xi{U X Ai)u 



Xj{U X B.j)u 



is a pullback. Let — Qcoh x^ {U x Ai)u and = Qcoh x^ {U x Bj)u- 

(1) The assignment f ^ f\, fg makes 21 and S-indexed, naturally adjointed 
categories, 

(2) // 

<^ ■■ g^fA* = 

is equality and 

A^* : fyl! 
is the dual of the square 



{ V 
jB*g* 



(3.13) 



then the canonical natural isomorphism 



(A^ 

is dual to the square 



JE 



fig- 



(3.14) 



9. 
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(3) 



-.fig 



/ JB 



gives g^, and g* the structure of weakly indexed Junctors. 



Proof. To prove 1, we note that 21 and 05 are indexed as in Example 1 2 . 1 8 1 and 
2t and !B are adjointed as in Example 12.241 

We now prove 2. Since (|3.14p is the rotate of (|3.13|) (Proposition 12.15)) . we 
know that if is the dual of (|3.14p . the diagram 



(3.15) 



g'^*rB9*fA*flg 



> g TBJB*g* Ja9 



fl9' 



whose verticals are various units and counits, commutes by Proposition 12.151 We 
show that the top route in (|3.15[) equals (A^ )^^. The diagram 



7 JB 



'g''*rB9^fA*g''*rB 



9 



JB 



y J B 



>9'^*f*B9'^fAJlg 



u* 



(AS' 



whose unlabeled arrows are various units and counits, commutes. The right square 
commutes by naturality of (A^ )^^, while the left square commutes by the universal 
property of the unit of an adjoint pair. Since the top route is (A^ while the 
bottom route is the top of (pi^ . ^ = (A^'*)"^ 

To prove 3, let denote the dual 2-cell of the square associated to p.l2p . For 
each / : y ^ f/, let 

TJ p r V 

«•/ : 5* J A* =^ jB*g* 
be equality and let — g^ . Suppose g : W ^ V is a morphism in S. Then it is 
easy to check that 

*/9 = (/***9)°(*/*5*)- 

Thus, the hypothesis of Proposition 12.251 are satisfied when we define and $/ 
as above. We conclude that = A^* : f^g^ =^ gX J*a gives {5^} an indexed 
structure. The fact that A^ gives g* an indexed structure can be checked locally. 

□ 



The following three results are immediate consequences of the Lemma. 

Corollary 3.30. Suppose I is a finite set with J C I and {Xi}i£i is a collec- 
tion of schemes. For all U G S, suppose g^ is the projection 

prj^ : x,g/([/ X Xi)u XjejiU x Xj)u, 

~ Qcoh Xi (U X Xi), and B*^ = Qcoh Xj (U x Xj). Then the assignments 
U t-^ prj^ and U t-^ Wj^* define (weakly) indexed functors 

W2* : 21 ^ *B 
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and 

pr^ : 05 -> e: 

as in Lemma \3. 291 

Corollary 3.31. Suppose X is a scheme. For all [/ £ S, suppose is the 
diagonal 

d^ -.U X X ^{U X X)l, 

= QcohC/ X X and B'^ ~ Qcoh(C/ x X)fj. Then the assignments U ^ d^ and 
U d^* define indexed functors 

0* : 2t ^ 05 

and 

0* : «B ^ 21 

as in Lemma \8. 291 

Corollary 3.32. Suppose X and Y are schemes. For all J7 G S, suppose g^ 
is the morphism 

= (d X idy)^ -.{UxX) xu {U xY)^{U X X)^ xu {U x Y), 

= Qcoh((l/ X X) X (i7 X Y)) and B'^ = Qcoh(([/ x X)l XuiU xY)). Then the 
assignments U ^ and U e^* define indexed functors 

e, : 2t ^ 05 

and 

e* : OS ^ a 

as in Lemma \8. 29\ . 

Lemma 3.33. Suppose X , Y and Z are schemes. For all U E S, let 
wY.j : {U X X) Xu [U xY) Xu {U X Z) U X X,U xY,U X Z 

and 

■■ {U X X) Xu {U xY) ^ U X X,U xY 
he projection maps, let (— ®Oy denote the functor 

Pi-^^3*(pri2' - ®W2^-) ■■ Bimod,;/(J7 x X - U xY) x B\modu{U xY -U x Z) ^ 

Bimodc/(C/ xX -U X Z) 

and let {— denote the functor 

W2*iw*i^ - ®-) : CohuiU xX)x b\modu{U x X - U xY) ^ Coh(C/ x Y). 

Then the assignments U i-^ {— CsJo^, — and t/ i— > (— (^Ox define indexed 
functors 

- (g>o,^ - : «Bimoc)(X - 2)) x 'Bimoc)(2) - 3) 05imoZ)(jE - 3) 

and 

- '^ox - ■ ^ot)X X bimoc)(X - ?}) ^ £o()2). 
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Proof. We prove the first assertion. The second assertion is proven in a similar 
manner. We need only note that, by Corollary 13 .301 and Example 12. 221 — ^Oa, — is 
the composition of indexed functors so that — ~ inherits an indexed structure. 
Specifically, suppose f : V —>^ U is a morphism in S. Let 

fxY - (/ X idx) X (/ X idy) -.{VxX) XV {V X Y) ^ {U X X) Xu {U X Y) 

and define fvz, fxz and fxYZ similarly. There is an isomorphism 

(3.16) A : r^zi- -f =^ irxY - ^o^fyz^) 
as follows: 

(3.17) fxzi- -f = rxzPr'^3Ml2 - ®Pr^3*-) 

= VrY3JxYz(p42 -<®W^3-) 

= P'CuMxYZPT^rZ ~ (®fxYZPT^23~) 

= WuJpT^u fxY - ®Pr^3*/yz-) 

= (rxY-®0^fYZ^f- 

□ 

Corollary 3.34. Let I and J be finite sets and let {Ai}i^i and {Bj}j^j be 
collections of schemes. Suppose, for all U € S, there exist morphisms 

: x,{U X A,)u ^ Xj{U x B^)u 

such that, if f : V ^ U is a morphism in S, then the diagram of schemes 

Xi(/xid^. ) 

Xi{V X Ai)v '—^ Xi{U X A,)u 

a" 

Xj{V X Bj)v > Xj{U X B,)u 

is a puUback. Then the projection formula li3. 3\ (1)) 

(3.18) ,gU _^_^gU^_^gU*_^ 

which is a natural transformation between functors from 

Qcoh(Xj(J7 X A,i)u) X Qcoh(Xj([/ x Bj)u) 

to 

Qcoh Xj {U X Bj)u 
defines an indexed natural transformation between weakly indexed functors. 

Proof. We note that the assignments U ^ g^ and U ^ g^* define weakly 
indexed natural transformations by Lemma [3.291 Now, '^^ is given by the compo- 
sition: 

U„U*(M _ V r,Ul„U*„U _ ^„U*_\ ^ 



gU - ®_ =^ g^g^*igi! - ®~) =^ 9^9^*9^ - ®9 

5r(-®ff^*-) 

where the first and last maps are products of id's, units, and counits, and the 
second map is induced by the commutativity of g^* and the tensor product. Since 
the commutativity of g^* and the tensor product is indexed (this can be checked 
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locally), it suffices to show that, if {ij^ are the unit and counit of (5 ,5^;), 
the collections {rj^} and {e^} define indexed natural transformations. The square 



Qcoh Xi {U X A. 



id 



Qcoh Xi [U X Ai) 




Qcoh Xj {U X Bj)i 



id 



Qcoh Xj {U X Bj)u. 



defines a square of indexed categories by Lemma 12.281 By the remark following 
Definition 12.261 {f]^} and {e*^} define indexed natural transformations. Thus, ^'^ 
is a composition of indexed functors so it is indexed. □ 



In |14j , Lipman describes the importance of compatibility results in eliminat- 
ing the noetherian hypothesis from the statement of Grothendieck duality. He 
then gives examples of diagrams [14[ 2.2.1, 2.2.2] which arise in the theory of 
Grothendieck duality, alluding to the complications involved in showing they com- 
mute. The fact that ^14^ 2.2.1] commutes (in the category of quasi-coherent modules 
over schemes) follows immediately from the fact that the projection formula is a 
weakly indexed natural transformation (which follows from a mild generalization 
of Corollarv l3.34p . It seems likely that ^14, 2.2.2] commutes for a similar reason. 
In fact, since the composition of indexed natural transformations is indexed, one 
can build up, using only diagrams of the form (|2.17p on page 1271 a large number of 
intimidating diagrams which must commute. This suggests that it would be fruitful 
to pursue a coherence theorem of the form suggested by Lipman in the context of 
squares of indexed categories. 



Corollary 3.35. Keep the notation as in Lemma \3.29\ Let K and L be finite 
sets and let {Ck\k^K cind {Z?;};gL be collections of schemes. For all f :V in 
S, let fc= ^k{f ^ idcfc) and let fo — Xi{f x idu, ). Suppose, for all [/ G S, there 
exist morphisms 

h'' : xu{U X Ck)u ^ y~i{U X Di)u 
such that, if f : V ^ U is a morphism in S, then the diagram of schemes 



XkiV X Ck)v 
xi{V X Di)v 



fc 



Xk{U X Ck)u 
■ xi{U X Di)u 



is a pullback. Let = Qcoh x^. {U x Ck)u and — Qcoh X/ [U x Di)u . 
Suppose 

$ : 5f /a* =^ fB.g'i 



is equality and 
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is the dual of the square 



fA. ^ 



Suppose $' : h^ fc* ==>■ }D*hX is equality and 

is dual to $' as above. If A^' : f^g^* =4> 
the usual isomorphisms then 

A^' : f*ch^* 



g^*f*s andA'^' : /^/i^* 



and 



h^'^fh are 



Id"'* — ^ "* Jc 

gives h* and h* the structure of weakly indexed functors. Furthermore, if the sets 
{H^} and {I^} define indexed functors and 



(3.19) 



is a square, then {$^} is indexed if and only is indexed. 



Proof. The first two assertions follow from Lemma [3. 291 By Lemma [3.291 and 
Lemma r2.28l the data ()3.19|) defines a square of indexed categories. The result now 
follows from Corollary 12.271 □ 

Corollary 3.36. Let K be finite a set, I,L C K, J C I,L and let {XkjkeK 
be a collection of schemes. Suppose, for all U £ S 

prj" : XieiiU x Xi)u ^jejiU x Xj)u 

is projection, pij^, prj^'^ and pr^^ are defined similarly, and 



(3.20) 



Xfe(C/ X Xk)u 



Xi{U X Xi)u 



I u 



xi{UxXi)u' 



Xj{U X Xj)u 



is a pullback. Then the dual to S3.20\) . 

(3.21) : pr^; pr;^;, =^ pr;^, prf 

which is a natural transformation between functors from 

Qcoh X., {U X Xi)u 
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to 

Qcoh X; {U X Xi)u, 
defines an indexed natural transformation between weakly indexed functors. 



Proof. For [/ e S, let A*^ = r\3,^^,u, B*^ = Qcoh x^ {U x Xj)u, = ^^3pr'<^ 
and D*^ = Qcoh X; (U x Xi)u. If g'^ = pr'/ , = prf ^, i/*^ = prf and 
= pr/'^* then, by Example 1 2. 22[ Corollarv l3.30l and Lemma[3T29l the hypothesis 
of Corollary 13.351 are satisfied. Thus, to show the data {4''^} defines an indexed 
natural transformation, it suffices to show that, if 

^ ■ prj* Pi/ * — pr,7*piL*j 
then the data {'I''^} defines a natural transformation. This is trivial, and the 
assertion follows. □ 

Proposition 3.37. Suppose X , Y and Z are schemes. Then associativity of 
the tensor product ( Proposition 1 3. (^ ) defines indexed natural transformations 

(- ®-) 'E)03 - =^ - ®Oa, <S){- <E)03 -) 

between indexed functors from 

*BimoO(X - 2)) X <8imot)(2} - 3) x «Bimoc)(3 - 1) 

to 

<8imot)(X - 1) 

and 

(- (S)Ox <^-) ®Os, - =^ - <^Ox ®(- ^Oa, 

between indexed functors from 

eol)X X bimoI)(X - 2)) X bimoT)(2) - 3) 

to 

e:o()3. 

Proof. Each functor above is a composition of indexed functors, hence in- 
herits an indexed structure. Since the associativity natural transformation is a 
composition of natural transformations of the form (|3.18p (on page [31]) and (|3.2ip . 
the result follows from Corollarv l3.34l and Corollarv l3.36l □ 

Proposition 3.38. Keep the notation as in Corollary \3. 3 1\ and Lemma [3.33[ 
For all U £ S, the assignment 

defines an indexed functor 

- (®o<g ^*Oy : '8imoI)(X - 2)) ^ Siraoc)(X - 2}). 
Similarly, there are indexed functors 

^*Ox (giox - ■ »imoc)(X - 2)) ^ '8imoc)(X - 2)) 

and 

— ®Ox ^*(^x '■ Oco[)X — > C!cof)X. 

Furthermore, the left and right linear multiplication maps (Proposition \3. 7^ define 
indexed natural isomorphisms 

- 002, f *02) =^ id<Bimoa(.x-a)), 
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and 

Proof. The fact that the first three assignments define indexed functors fol- 
lows from Corollary 13.311 Lemma 13.331 and Example 12.221 The fact that the given 
families of natural isomorphisms are indexed follows from an argument similar to 
that given in Proposition 13.371 so we omit it. □ 

Theorem 3.39. Let f : V ^ U be a morphism in S, let f = f x idx : V x X ^ 
U X X and suppose the left composite of the isomorphism 

A : P*d'iOuxx -> dXrOuy^x ^ dXOv>,x 

comes from the indexed structure ofd. Suppose the data {B,fi,v) consisting of an 
Ojjxx-bimodule B, a morphism ^ : B ® B ^ B and a morphism d^Ojjxx ^ B 
defines a bimodule algebra. Then the data {f^*B, f^*iJ,S^^, f^*vX~^), where S is 
induced by the natural isomorphism iS.lb]) defines an OvxX -bimodule algebra. 

Furthermore, if the data {M, v) consisting of an OuxX -module Ai and a mor- 
phism V : Ai ® B Ai defines a right B-module, then the data {f* M., f*v^~^) , 
where 7 is induced by the indexed structure of the appropriate tensor product, de- 
fines an f^*B-module. 

Proof. To show that a bimodule algebra lifts, one needs to check the asso- 
ciativity and left and right unit axioms. To show that a module lifts, one needs to 
check the associativity and right unit axiom. A straightforward verification shows 
that these axioms hold by Proposition 13.371 and Proposition 13.381 □ 

The above construction can obviously be graded. 

3.4. The definition of r„ 

Assume X is an S'-scheme and B is an -module. Suppose U £ S has 
structure map f : U ^ S , let f = f x idx : U x X ^ S x X and let B^ = P*B. 
Before reading further in this chapter, the reader is advised to review the last two 
sentences of Section 1.6. 

Definition 3.40. Let ;B be a graded Ox-bimodule algebra and let U be an 
affine scheme. A family of ;B-point modules parameterized by U or a U- 
family over B is a graded B'^-module TWq ® .^1 © ■ ■ • generated in degree zero 
such that, for each i > there exists a map 

Qr-.U^X 

and an invertible ©[/-module Ci with Cq = Ou and 

Mi = {idu X qi)*Ci. 

A family of truncated ;6-point modules of length n + 1 parameterized by 
U, or a truncated U-family of length n -I- 1 is a graded S'^-module TWo © A^i © 
• • • generated in degree zero, such that for each i > there exists a map 

q^■.U^X 

and an invertible ©[/-module Ci with Cq — Ou, 

Mi = (id[/ X q.i)^Ci 
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for i < n and Mi = for i > n. 

Remark, li f : V ^ U is a. morphism in S, / = / x idx : V x X ^ U X 
and B is an Ox-bimodule algebra, then the bimodule algebras p*B^ and are 
canonically isomorphic. Thus, there is a canonical bijection between isomorphism 
classes of /^*;B'^-modules and isomorphism classes of ;B^-modules. We will make 
use of this fact without further mention. 

In the following proposition, we note that the g^'s appearing in Definition 13.401 
are unique. That is, if two [/-families, M. and Ad' are isomorphic, then the map 
in the definition of Mi equals the map q[ in the definition of M' i- To prove this 
result, we need to know the following fact about separated schemes. 

Lemma 3.41. [lOl ex. 4.8, p.l07] 

Let X he a separated scheme, and suppose U is ajjine. Then any map 

q:U -^X 

is affine. 

Lemma 3.42. Suppose R is a commutative ring, let A and B he commutative 
R-algebras and suppose g,h : B A are algebra morphisms. Suppose M — Ae and 
N — Af are free A-modules of rank 1. Let M and N he A® B -modules hy letting 
a®b-m = ag{b)m and letting a®b • n = ah{b)n respectively. If 

ip-.M-^N 

is an A® B-module isomorphism, then g — h. 

Proof. Since is an A (i) i?-module isomorphism, it is an A-module isomor- 
phism. Thus, "0(6) = uf for some unit w G A. Let b E B. Then 

^{{l®b)-e) = i;{g{b)e)^ugib)f. 

But 

^{{l (^b)-e) = (l^b)- tp{e) ^{l®b)-uf^ h{b)uf. 
Comparing these results, we find that h{h) — g{b) as desired. □ 

Proposition 3.43. Let M. andJ\f be invertible Ou-modules and suppose 

g,h:U ^ X. 

If : {idu X 5)*A^ — » {idjj x h)^J\f is an isomorphism, then g — h. 

Proof. Since (idj/ x g)^,M = {idu x h)*Af, their supports are equal. In par- 
ticular, g = h point-wise. 

We now show that the sheaf components of the maps g and h are equal. By 
taking the appropriate open cover of Supp {idu x g)*M C U x X , we will reduce 
our result to the previous lemma. Let U' C U he an open affine set on which both 
Ai and TV are free. Let Spec B C X he open affine. Since X is separated, by 
Lemma [5.421 both g and h are affine. Thus, {idu x 9)~^{U' x Speci?) = (idu x 
h)^^{U' X SpecB) is an affine open set. Spec A, of U on which both Ai and Af are 
free. Then ip gives an A i?-module isomorphism 



V'(SpecA®B) : M{SpecA)A(^B Af {Spec A) a^^b- 
and the result follows from the previous lemma. 



□ 
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Suppose f : V ^ U and X is a scheme, and define / — fxidx '■ VxX UxX. 

Lemma 3.44. Suppose f : V U is a morphism of affine schemes and q : U ^ 
X is a morphism. Then the dual 2- cells 



and 

induced by the diagrams 



f*{idu X q)^ : 
P*{iduxq)l 



(idy X qf)J* 
■ {idv X qffj* 



V ■ 

VxX' 



and 



V ■ 



/ 



U 

idjy XlJ 

■UxX 



u 

(idcjxg)^ 

{U X X)l 



[idv xqf f 

(V X Xfy 

J 

respectively, are isomorphisms. 

Proof. The first assertion follows from Proposition 

/ 



(2) since the diagram 



V ■ 



idv xg/ 



V xX- 



/xid:, 



U 

■UxX 



is a puUback diagram and the vertical arrows are affine by Lemma 13.411 The fact 
that the diagram is a puUback can be verified by a routine argument involving 
the universal property of the puUback. The second assertion follows in a similar 
manner. □ 

Let U, V and W be objects in S, and let p : U ^ S and s : W ^ S he the 
structure maps. Let B be an Cjc-bimodule algebra, and assume all families are 
over B. 

Lemma 3.45. If A4 is a U -family and f : V U is a morphism, then f*A4 
has a natural V -family structure. Furthermore, if Ai ^ N" as B^ -modules, then 
f*M ^ /*7V as B"^ -modules. 

Proof. Suppose is a [/-family. The natural V^-family structure on f*Ai is 
given by Theorem 13.391 

Next, suppose (/) : /W ^ A/" is an isomorphism of S'^-modules. By Lemma 
13.331 and a simple computation, f*a : f*M. — *■ f*M is an isomorphism of S^- 
modules. □ 



We are now ready to define the functor we will eventually represent. 
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Proposition 3.46. The assignment r„ : S ^ Sets sending U to 

{isomorphism classes of truncated U -families of length n+1} 

and sending f : V ^ U to the map r„(/) defined by r„(/)[7W] — [f*Ai], is a 
functor. 



Proof. By Leniina r3.451 Tn{—) is well defined. We prove that the assignments 
in the statement of the proposition are compatible with composition. Let 

g f 

be morphisms in S, let / = / x idx and let g = gy< idx ■ Then we have a commutative 
diagram of S'-schemes 

[W X X)l, iV X X)l {U X X)l 



Pl'2 



W xX 



V xX 



U X X 



9 f 

By naturality of (fg)* = g* f* , the diagram 

Cf~9)*w^Awi''*M®p^*B) — - Crg)*M 



~g*f*W2Swi*M®p^*B) ^ g*f*M 

commutes. Thus 

^n{fg)[M] - [CfgfM] = [g*f*M] = r„(<?)r„(/)[M]. 



□ 



Definition 3.47. The functor r„(— ) is the functor of flat families of trun- 
cated S-point modules of length n + 1. 



CHAPTER 4 



Compatibility with Descent 

In this chapter, we define the notion of a functor being compatible with de- 
scent and of a functor being locaUy determined by a subfunctor. When P is a 
subscheme of a projectivization, we find a subfunctor Hom^' (— , P) of Hom5(— , P) 
which locally determines Hom5(— , P). We then find a subfunctor r^''(— ) of r„(— ) 
which locally determines r„(— ). This allows us to reduce the question of the rep- 
resentability of r„(— ) to the equivalence of rJJ''(— ) and Hom^'( — , P). 

4.1. Local determination of a functor by a subfunctor 

Definition 4.1. A contravariant functor F : S ^ Sets is compatible with 
descent if, for every faithfully flat morphism of affine S'-schemes f : V ^ U, and 
for fi : V Xu V ^ V the projection maps, the sequence 

^ F{U) — ^ F{V) T F{V xuV) 

F(f2) 

is exact. In other words, F is compatible with descent if F is a sheaf in the faithfully 
flat topology on S. 

The motivation behind the following technical definition is provided by Example 
14.221 Readers familiar with Grothendieck's algebraic characterization of maps into 
projectivizations ('Proposition l4.6p are encouraged to read Definition l4.15i Corollary 
14.201 and Example 14.221 before reading Definition 14.21 

Definition 4.2. Let F : S ^ Sets be a contravariant functor and suppose 
F' C P is a subfunctor. F is locally determined by F' if 

• _F is compatible with descent, and 

• for all [/ e S and all finite subsets {xi} C F{U), there exists a F £ S and 
a faithfully flat map f -.V ^U, such that F{f){x^) e F'{V) for all i. 

Remark. It follows readily from the above definition that F is locally deter- 
mined by itself if and only if F is compatible with descent. 

Proposition 4.3. Suppose F and G are locally determined by F' and G' re- 
spectively. Then every natural transformation f2 : F' G' extends to a natural 
transformation Q : F =^ G such that if fl is monic, then is monic and if D, is 
epic, then is epic. 

Proof. Suppose Q : F' =^ G' , U € S and x S F{U). By the hypothesis that 
F is locally determined by F', there exists an affine S'-scheme V and a faithfully 
flat morphism f : V ^ U such that F{f){x) G F'{V). By the hypothesis that F 
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and G are compatible with descent, the diagram 



(4.1) 



Fif) 

■ F{U) F{V) 



F(fi) 



0- 



G{U) 



G(f) 



G{V) 



^F(VxuV) 

F(f2) I 

G(/i) Y 



Gih) 



has exact rows and commutes, where the vertical columns are defined only for 
elements of the subfunctor F' C F. Thus, F{f){x) G F'{V) maps to an element, 
y € G{V) such that G{fi){y) — G{f2)[y)- Thus, there is a unique element z € G{U) 
such that G{f){z) — y. In this way, we get an assignment 

Tlu : F{U) ^ G{U). 

We show that this assignment is well defined, i.e. if we choose another y e S and 
locally finite, faithfully flat map /' : V ^ U such that F[f'){x) G F'[V'), then 
we may use the same argument above with V' in place of V and still find that x is 
assigned to z. Let V' & S and let /' : y — > [/ be a faithfully flat map such that 
F{J'){x) G F'{V'). Let V" = V y.u V . Then the diagram 



F{V) 



F{V") 



FiU) 



Y 

G{V) 



Y 

G{V") 



V 

■G{V') 



whose verticals are the maps 17, commutes: the top and bottom commute since F 
and G are functors, and the sides commute when restricted to F' by the naturality 
of ri. Thus, if x G F{U) gets sent to w and w' in F{V) and F{V') respectively, 
and if w and w' get sent to y and y' in G{V) and G{V') respectively, then y and 
y' get sent to the same element, y" G G{V"). But y, and hence y", is the image of 
z G G{U). But y' also maps to y" . Since the projection V^" is faithfully flat, 

the induced map G{V') —> G{V") is an injection so that y' must also be the image 
of z. Thus, ri[/ is well defined. 

We show that fl is natural. Let g : U' ^ U he a morphism in S. Let x G F{U). 
Let F G S such that there exists a faithfully flat map f : V ^ U such that 
F{f){x) G F'{V). Let V be the pullback of 

V 



U'- 



■U 



and let f':V'~: 
Since G 



U' be the induced morphism, which is faithfully flat since / is. 
F'{V), F{f)F{g)(x) G F'{V'), the left and right side of g21) 
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commute with respect to x by construction of fl. Since F and G are functors, the 
top and bottom of (|4.2p commute. Since Q is natural, the diagram 



commutes. Thus, the cube 
(4.2) 



F'iV) 



G'{V) 



F{V) 



F'{V') 



G'{V' 



■F{V') 



F{U) 



■F{U') 



G{V) 



■G{V') 



G(U) 



■G{U') 



whose verticals are f2, commutes with respect to x. Since the maps going "into" 
the page are injections, the front face of the diagram commutes. We conclude that 
f2 is natural. 

We next show that Sljy is monic if Q.u is monic. If x and x' G F{U) are distinct, 
then by hypothesis, there exists a ^ £ S and a faithfully flat map f : V ^ U such 
that F{f){x) and F{f){x') are distinct and both in F'{V). A standard diagram 
chase in diagram (|4.ip shows that ilu{x) ^ ilu{x'). 

Finally, we show that flu is epic if fljj is epic. Let y G G{U). Choose a 
V, and f : V U, a,s above such that G{f){y) G G'{V). Then there exists 
a u) G F'{V) which gets mapped to G{f){y). Furthermore, since G{fif){y) = 
G(/2/)(y), F{fif){w) = F{f2f){w). Thus, by exactness of Diagram O there 
exists a X G F{U) such that F{f){x) = w. As above, ^u{x) = y, proving that fljj 
is epic. □ 



In order to apply Proposition 14.31 to a pair of functors F and G, we first need 
to show that F and G are compatible with descent. This happens to be the case 
with IIom5(-,r) and r„(-): 

Theorem 4.4. 1, Proposition 28.3, p. 72] If P is an S -scheme, then the functor 

Homs(~,P) 

is compatible with descent. 

At the end of this chapter, we will prove the following 

Theorem 4.5. If B is generated in degree one, then Tni—) is compatible with 
descent. 
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4.2. An algebraic description of maps into projectivizations 

In order to describe the functor Hom5'(— , P) which locaUy determines Hom5(— , P), 
we must first characterize maps into projective bundles. In particular, we review a 
correspondence, due to Grothendieck, between morphisms into projective bundles 
and algebraic data. 

For any scheme X and any Ox-module Ai, let Sx(A^) denote the symmetric 
algebra oi M. ( |iOl ex. 5.16, p. 127]). li X = Spec A, then we sometimes also write 
§A(-^(Spec A)) instead of §x(-^)- 

Proposition 4.6. [9] Proposition 4.2.3, p. 73] Let q:Y ^ Z he a morphism of 
schemes. Then, given an Oz -module £ there is a bijective correspondence between 
the set of Z -morphisms r : Y —> ¥z{£), and the set of equivalence classes of pairs 
{C,(j)) composed of an invertible Oy-niodule C and a epimorphism (j) : q*{£) —>■ C, 
where two pairs {C,4>) and {C',(j)') are equivalent if there exists an Oy-niodule 
isomorphism t : C ^ C such that 




£' 

commutes. 

Proof. While we do not give a complete proof of this result, we will describe 
the bijection between Iiomz{— ,Pz{£)) and the set of classes of pairs {C,(j)). Let 
q : Y ^ Z and let r : Y ^ FziS) be a Z-morphism. If p : Pzi£) Z is the 
structure morphism and if O is the structure sheaiofPz{£), then let a : p*£ 0{1) 
be the canonical epimorphism [9j Proposition 4.1.6, p. 72]. If (p is the composition 

q*£ r*p*£ -^-^ r*0{l). 

then r corresponds to (r* 0{1), (/)). 

Conversely, let (£, (p) be a pair consisting of an invertible Oy-module C and a 
epimorphism : q*{£) — > C Applying the functor Py(— ) to the epimorphism 
gives us a closed immersion, so that the composition 

(4.3) Y ^VY{C)^^¥Yiq*£). 

is a closed immersion. Composing the map (j4.3p with the map 

¥Y{q*£)^Pz{£) 

([H 4.1.3.1, p. 71]) gives us the desired Z-morphism r -.Y —^Fz{£). □ 

When the morphism q in Proposition 14.61 is a closed immersion, we have the 
following result. 

Lemma 4.7. Suppose f : Y ^ Z is a closed immersion of schemes. If J- is an 
Oy -module and Q is an Oz -module, then the adjoint bijection 

Homy(/*a,^) = Homz(a,/*^) 
is a bijection on epimorphisms. 
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Proof. Let "f/; ■ f*Q T he an epimorphism. Since / is a closed immersion, 
/ is afBne so that /* is exact. Thus, ft,ip is an epimorphism. In addition, the map 

g ^ f*rg 

is epi, a fact we check locally. Let z ^ Z such that there is a y £ Y with f{y) — z. 
Since / is a closed immersion, there exists an ideal / C Oz.z such that = 
Oz,z/I. Thus, 

ifj*g)z - irg)y - Gz ®Oz.. OY,y ^ Qz ®0... Oz,z/I- 

Conversely, suppose (f> : G j^T is an epi. Since / is affinc, ]* j^T T \s epi. 
Thus, the composition 



■T 



is an epi, as desired. 



□ 



Lemma 4.8. Suppose f : Y ^ Z is a closed immersion of schemes. Let T and 
T' he Oy -modules and let Q he an Oz -module. Call two epis ip : f*g — > and 
ip' : f*Q T' equivalent if there exists an isom,orphism t : T ^ T' such that the 
diagram 



f*g. 




r 

commutes. Call two epis (j) '■ Q ^ f.tT and (f)' '. Q ^ f-^T' equivalent if there exists 
an isomorphism v : f^J-' ^ f*J'' such that the diagram 




f.T' 

commutes. Then the adjoint hijection 

Homy(/*g, ^ RomziG, f.J") 

induces a hijection hetween equivalence classes of epimorphisms. 

Proof. Suppose two epis : f*G and V' : f*G 

Then there exists a. t : T J-' such that the diagram 

G ^f*rG^^f.T 



T' are equivalent. 




commutes. Thus, the adjoint hijection maps classes to classes by Lemma 14.71 
Conversely, suppose two epis (f> : G ^ f*J' and ^' :G ^ are equivalent. Then 
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there exists an isomorphism v : f^T ^ f^J-' such that the diagram 




commutes. Let e : f* id be the counit of the pair (/*, /,). Since / is a closed 

immersion, e is an isomorphism. If </> and (j)' have right adjuncts to "0 a-nd ip' , then 
ip and ip' are equivalent via the isomorphism 



□ 



The next fact now follows easily from Proposition 



Corollary 4.9. Let f : Y ^ Z be a closed immersion. Given an O z -module Q 
there is a bijective correspondence between the set of Z-morphisms r :Y ^ ^z{Q), 
and the set of equivalence classes of pairs { f*C, cj)) composed of the direct image 
of an invertible Oy-fnodule C and an epimorphism (p : Q f^C, where two pairs 
(fitC,4>) and {f^C',(j)') are equivalent if there exists an Oy-module isomorphism 
V : /,£ f^:CJ such that 



fX 




f*C' 



commutes. 



Corollary 4.10. Let f : Y Z be a closed immersion, let Q be an Oz- 
module, and let C and C be invertible Oy -modules. Lf two epimorphisms 4> : Q ^ 
f^C and (p' : Q f^:C' have the same kernel, then they correspond, under the 
bijection of Corollary \4.9[ to the same morphism r : Y ^ziQ)- 

Proof. This fact follows from the previous corollary in light of the existence 
of the commutative diagram with exact rows 



0- 



ker0 ■ 



f*C- 







ker0 ■ 



■ g 



□ 

Lemma 4.11. If f :Y —> Z is a morphism of schemes andC is an Oz-module, 
then there exists a map 

(4.4) Py{f*C) -Pz(C) 

which induces an isomorphism 

¥y{f*C)^Pz{C) XzY. 
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Furthermore, if A and B are Oz -modules and cj) : A B is an epi, then the diagram 



(4.5) 



¥z{B) xzY- 



Pz(0)xidy 



■Py(/M) 



^z{B)- 



■Vz{A) 



commutes. 

Proof. The construction of (|4.4|) and the proof of the first assertion is given in 
[Ol Proposition 3.5.3, p. 62]. We outhne the construction of (|4.4p . Let Spec A <Z Z 
be an affine open set and suppose Spec A' C /"^(SpecA). Then there is a map of 
graded rings 

gc : §a(C(C/)) ^a{C{U)) ®a A' ^ ^a'{C{U) ®a A') 

sending a homogeneous element h to the image of 6 (g) 1 in the right map. By |101 
ex. 2.14b, p. 80], this map of graded rings induces a map of schemes 

(4.6) PspecA'(/*C| 

Spec A') ^ I^SpccA (C| Spec yl J ■ 

The maps (I4.6P glue to give a map l|4.4p . 

Returning to a local setting, the diagram of graded rings 



^A'{B{U) ®A A') 



■Sa'{A{U) ®aA') 



Ia{B{U)) ®a A' . Sa{A{U)) ®a A' 

SA{<t>(U))®AA 



^a{B{U)) ^ — -— §A{Am 

Sa{4>{U)) 

commutes. Thus, (|4.5p commutes since it is the gluing of Proj(-) applied to the 
above diagram. □ 



Lemma 4.12. Suppose 



A^^B^^C 



is a diagram of schemes, C is an Oc -module and the vertical and top horizontal 
arrows in the diagram 

Pb(6*C) -Pc(C) 



VA{a*b*C) ^FA{{ba)*C) 

are the maps |^.^| ). Then the diagram commutes. 
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Proof. These maps are all induced locally from maps of graded rings. These 
graded ring maps make the diagram commute, as in the previous lemma. □ 



Lemma 4.13. Suppose 



A- 



B- 



■C 



is a diagram of schemes, C is an Oc-module, and r : A ^ ¥c{C) corresponds to the 
epimorphism (ba)*C C via the correspondence constructed in Proposition \4-6\ 
Then there exists a morphism s : A ^ Ps(6*C) such that the diagram 




whose right vertical is ^.4\ l, commutes. 

Proof. If r corresponds to the epimorphism (j) : {ba)*C C, then the map s 
corresponds to the epimorphism 



*b*C ■ 



{ba)*C- 



C. 



Thus, there is a commutative diagram 

(ba)*C 




a*b*C 

Since Pa is functorial, the diagram 

A ^ Pa(/:) ^ FA{{ba)*C) 



A{a*b*C) 



■Pc(C) 




•Pij(6*C) 



commutes by Lemma 14.121 Since the top route is r while the bottom route is s 
composed with the right vertical (j4.4p . the assertion follows. □ 



Lemma 4.14. Suppose f : Y ^ Z is a morphism of schemes, C is an Oz- 
module, W he a scheme and there is a map r : W ^ Py(/*C). Suppose that r 
projects to a map q : W ^ Y. If r corresponds to an epi of sheaves 

cj) : q*f*C ^ C 

then r composed with the map Py(/*C) Pz(C) corresponds to the epi 

(4.7) (/g)*C ^q*f*C^^C 



4.3. FREE MORPHISMS AND FREE FAMILIES 
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Proof. By definition of the correspondence in Proposition 14. 6[ r corresponds 
to the top row of the diagram 

W Vw{C) 'Jll^ Fw{q*rC) Py(/*C) 



which commutes by Lemma 14.121 Thus, r composed with the right vertical of 
the diagram is just the bottom route of the diagram. By the definition of the 
correspondence in Proposition 14. 6[ it is easy to see that the epimorphism (|4.7p 
corresponds to the bottom route. □ 

4.3. Free morphisms and free families 

Let P be a subscheme of a projectivization. In this section, we define the func- 
tors Hom^'X-, P) and Tf^{-) and we prove that they locally determine Homs(— , P) 
and r„(— ), respectively. 

Definition 4.15. Let q : Y ^ Z he a morphism of schemes, and let £ be 
an O^-module. A Z-morphism r ; F — > Pz{£) is free if, under the bijection of 
Proposition [421 r corresponds to an equivalence class containing an element of the 
form {Oy, <t>)- If i : P ^ Fzi^) is a subscheme, a morphism / : F ^ P is free if 
if IS free. 

The following example illustrates the significance of Definition 14.151 

Example 4.16. Suppose fc is a field, Z — Specfc, Y = SpecP is an afhne 
Z-scheme and q : Y ^ Z is the structure map. Suppose, further, that £ is an 
n-dimensional fc-vector space and r : Y ^ Pz{£) is a free Z- morphism which 
corresponds, under the bijection in Proposition 14. 6[ to the class of an epimor- 
phism (j) : q*£ Oy- Since q*£ = O®", </> is determined by a non-zero n-tuple, 
(oi, . . . , a„), of elements of R. Furthermore, {Oy, <t>') is a pair in the class of (Oy, (f) 
such that (j)' is determined by (a'j^, . . . , a^) £ P®", if and only if there exists a unit 
a G R such that {a'^, . . . , a'^) — a{ai, . . . , a„). In particular, free Z-morphisms 
r : Y Fz{£) are parameterized by points of P2(fc") with coordinates in R. 

Lemma 4.17. Suppose f : V U is a morphism of affine schemes. If q :U ^ 
Z is given and r : U ¥z{£) is free, then rf is free. 

Proof. If r corresponds to the class containing (f) : q*£ Ojj, then rf corre- 
sponds to the class containing the composition 

{qfr£ f*q*£ f*Ou Ov 

[91 4.2.8, p.75]. □ 

We give a definition which appears in the statement of the next result. 

Definition 4.18. A truncated J7-family M of length ?i + 1 is called free if, for 
< i < n, Ci in the definition of A4i (|3.40p is isomorphic to Ojj. 

Lemma 4.19. Let f : V ^ U be a morphism in S and suppose A4 is a free 
truncated U -family of length n+l. Then Tn{f)[M] is an isomorphism class of free 
truncated families parameterized by V. 
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Proof. Let f ^ f x idx : V x X ^ U x X. Suppose Mi = {idu x qi)^,Ou 
for some map qi : U —> X. Since r„(/)[A^] = [f*M] (Proposition [OBI) , order 
to prove the result, we need only note that 

if* My, - (idv X qJ)J*Ou = (idy X qJ),Ov. 

□ 

Corollary 4.20. Let £ be an Oz-module and let i : P ^ Fz(£) be a sub- 
scheme. The assignments 

Hom|'(-,P) : S Sets 

defined by 

U subset o/Hom5([/, P) of free morphisms 

and 

Tf;{-) : 5 ^ Sets 

defined by 

U ^ subset of Tn{U) of free truncated U -families of length n + 1, 

naturally induce subfunctors ofiloms{—,P) andTn{—), respectively. 

Proof. By Lemma l4.17l and Lemma l4.191 the assignments inherit the property 
of being functors from rn(— ) and Hom5(— , Y). □ 

Lemma 4.21. [6i ex. 4.12a, p. 136]. If U = SpecR is an affne scheme and 
Ci,...,Cn are invertible Ojj-modules then there exists a finite set of R-module 
generators of R, {sj}, such that each Ci is free on each Spec-R^j- 

The following example illustrates the idea behind the proof that Hom5(— ,P) 
is locally determined by Hom5'^(— , P). 

Example 4.22. Suppose F is a noetherian afhne Z-scheme and q -.Y ^ Z \s 
the structure map. Suppose, further, that £ is an O^-module and r :Y ^ f'z{£) 
is a Z-morphism which corresponds, under the bijection in Proposition 14.61 to the 
class of an epimorphism : q*£ — > C. Let {t/i, . . . , Um) be an affine open cover of 
Y . Then the map 

m 

/ : IVU.^Y 

i—l 

is faithfully flat. Since Hom5(— , fzi^)) is compatible with descent, r is determined 
by morphisms ri : Ui ^ ¥z{£). This is a restatement of the fact that any morphism 
r : y — > '¥z{£) can be constructed by gluing compatible morphisms on the cover 
{t/i,..., 

If, however, C is free on the affine open cover {t/i, . . . , C/m}, then the maps 
are free morphisms. By Lemma 14.211 one can always find a finite affine open cover 
of Y on which C is free. Thus, any Z-morphism r :Y ¥z{£) can be constructed 
by gluing free morphisms. Since, as illustrated by Example I4.16[ free morphisms 
are easier to work with than general morphisms, this observation will be useful to 
us. 

More generally, if Xi, . . . , a;„ are Z- morphisms from Y to ^z{^), the fact that 
there exists an affine open cover {f/i, . . . , ?7m} of Y such that Xj is determined 
by free morphisms Xij : Ui ^z{£) for each I < j < n is exactly the fact that 
Homs(-,Pz(f)) is locally determined by Romf{-,Fz{£)). 



4.4. THE PROOF THAT r„ IS COMPATIBLE WITH DESCENT 
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Lemma 4.23. If £ is an Oz-module and i : P ^ ¥z{S) is a subscheme then 
Honi5(— ,P) is locally determined by Homg (— ,P) anc?r„(— ) is locally determined 

by C(-). 

Proof. The proof of the first assertion was outlined in the previous example, 
so we only prove the second assertion. By theorem 14.51 r„ is compatible with 
descent. Let (7=Spec R be an affine noetherian scheme, let J be a finite index set, 
and let [M^] £ r„([/) for j e J. Let Cij be the invertible Oy-module appearing 
in the i-th component of . By Lemma 14.211 there exists a finite generating set 
{rfe} C R such that Cij is free on Spec Rr^ for each z, j, and k. If Q = H^Rrk^ 
SpecQ=V and f -.V ^ U, then / is faithfully flat, and r„(/)([A4^]) is the class of 
a free T^-family. □ 

Corollary 4.24. Let i : P Vzi^) be a subscheme. In order to prove that 
rn(— ) is represented by P, it suffices to show that rj^''(— ) = Homg'(— ,P). 



4.4. The proof that r„ is compatible with descent 

We now assume, for the remainder of this section that B is generated in degree 
one. We use this assumption explicitly in only one step of our proof, Corollary 
14.381 Unless otherwise stated, we assume all families are truncated, of length n. 
Under these hypothesis, we prove that the functor r„(— ) is compatible with descent 
(Theorem 14. 5p . Our proof employs some basic results from descent theory, which 
we now review. 



4.4.1. Descent theory. The following definitions and Theorem l4.28l are taken 
from [5l Section 6.1]. 

Definition 4.25. Suppose 

/i : y ^ y, 

Y" = Y' XyY', and Y'" = Y' XyY' XyY'. Let hi and hij be the projection maps 
from Y" and Y'" respectively. Let T be an Oy-module. A covering datum of 
!F is an isomorphism (p : h\!F — > ^2-^- A covering datum of is called a descent 
datum if the diagram 



(4.8) K^hlT hl^KT ^ K^hlT h*^^h*T 



hhKT — hyi*T 

commutes, where all unlabeled arrows are the natural isomorphisms. In this case, 
4> is said to satisfy the cocycle condition. The category of Oy-modules with 
descent data is the category whose objects are pairs {J-^cf) where is an Oy/- 
niodule and is a descent datum on J-^ and a morphism between {T , (jf) and {Q, V') 
is a morphism ^ : T Q such that the diagram 
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(4.9) 



hlT- 



commutes. If this holds, we say /i^7 = /i27- 
We will need the following inheritance fact. 

Lemma 4.26. Suppose is an Oy -module with descent datum, Q is an 

Oy> -module, and 

i> ■ hi*Q h2*Q 
is an isomorphism. If fj, : J- Q is an epi making the diagram 



hi* T ^ h2* T 

hi* fj. 

hi*Q — h2*Q 

commute, then ijj is a descent datum. 

We now introduce some useful terminology. 

Definition 4.27. Suppose Ti, is an Oy-module. Then there the natural map 

: hi*h*H h2*h*n 
induced by the canonical map of functors 

hi*h* =^ (hhi)* = (Ma)* =^ h2*h*. 
is called the canonical descent datum on h*H. 

We have the following main theorem of descent theory: 

Theorem 4.28. (Grothendieck). Let h : Y' ^ Y be faithfully flat and quasi- 
compact. Then the functor Ti. i— > /i*7i, which goes from Oy -modules to Oy -modules 
with descent data, is an equivalence of categories. 

4.4.2. Modified descent data. We now prove a theorem which will allow us 
to work in a slightly different setting then that above. 



Definition 4.29. Retain the notation in Definition 14.251 Let Z" and Z'" be 
schemes such that there exists isomorphisms 

z" : Y" ^ Z" 

and 

z : Y 

and maps 



and 



'7" 

Ci : Z - 
Sij : Z 



> Z'" 
Y' 

> Z" 
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making the diagram 




commute. The category of Oy/ -modules with descent data modified by z" 
and z'" or simply the category of Oyz-modules with modified descent data 

when the context is clear, is the category whose objects are pairs {T' ^ (j>), where J-'' 
is an Oy/-module and (j) : ei*J-' — > e2*J-' is an isomorphism making the descent 
datum diagram (|4.8p . modified by replacing all "/i" 's by "e" 's, commute, and whose 
morphisms, 7 : {J-',(t>) — > make diagram (j4.9p . modified by replacing all 

"h" 's by "e" 's, commute. 

As before, e*/i* is naturally isomorphic to Gj/i* providing canonical descent 
data for any module of the form h*H where TC is an Oy -module. 

Since the category of Oy -modules with descent data is so similar to the cat- 
egory of Oy-modules with modified descent data, we expect the categories to be 
equivalent. 

Theorem 4.30. The functor from Oy' -modules with descent data to Oy- 
modules with modified descent data sending an object (J-',(j)) to (J-'jip), where ip is 
the composition 

ei*r ^ z"*hi*r z"*h2*r ^ e2*T' 

and sending a morphism to itself is an equivalence of categories. 

Proof. The only thing which is not obvious is that assignment we describe 
is a functor into the correct category. This follows from a routine, but tedious, 
computation. □ 

Corollary 4.31. Retain the notation of Definition \4.29\ If h : Y' ^ Y 
is faithfully flat and quasi-compact, the functor TC i-^ h*'H, which goes from Oy- 
modules to Oy' -modules with descent data modified by z" and z'" , is an equivalence 
of categories. 

For the remainder of this chapter, we use Corollarv l4.31l to prove Theorem 14. 5 1 
Before reading further in this chapter, the reader is advised to review the last two 
sentences of Section 1.6. 

4.4.3. Standard families. Let U be an affine, noetherian scheme, and sup- 
pose all families are truncated of length n + 1 over an Ox-bimodule algebra B. 

Definition 4.32. A JJ-family or truncated [/-family M is in standard form 
or is standard if, for each i such that M.i ^ 0, M.i = (id[/ x qi)*Ci for some map 
qi : U ^ X and some invertible sheaf £i on U. 



Lemma 4.33. Any truncated U -family is canonically isomorphic to a truncated 
family in standard form. 
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Proof. Suppose be a truncated [/-family and 

(4.10) ^ {idu X q,)X^■ 

We construct a truncated [/-family, V, in standard form, such that A4 9i V. Sup- 
pose M has multiphcation and let Vi — {idu x qi)*^i- Let fi'^j : Vi ®Ouxx ^ 
Vi+i be defined as the composition: 

'P^ ®Ou.x M^ ®Ou.x /W.+j P^+j . 

It is easy to check that /W ~ P under the maps (|4.10p . □ 

The following three technical lemmas are used to prove Proposition 14 . 3 7l This 
proposition is used, in turn, to prove Corollarv l4.38l 

Lemma 4.34. |12[ Lemma 1.31, p. 58] Let Y be a scheme and suppose TZ is a 
coherent Oy -module. Suppose Z d Z' d Y are open sets such that 

z n Supp Tz = z' n Supp n. 

Then the restriction map r : TZ{Z') Ti-iZ) is an isomorphism of Oy{Z') -modules. 

Lemma 4.35. Suppose C is an invertible Ou-module, q : U X is a morphism 
and prj : (U x X)^ U x X is the standard projection. Then 

(1) the set 

{q~^{V) X W\V,W C X are affine open} 

forms an open cover of U x X , and 

(2) if V,W CZ X are open affine and V C q^^{V) is open then 

{U xX)xu {V xW)r\ SuppprJ(idc/ x q)X = 

{U xV)xu (V xW)r\ SuppprJ(idc/ x q)X. 

Proof. The proof of 1 is trivial. To prove 2, we first note that the bottom 
expression is a subset of the top. Conversely, we note that 

Supp pr^(idc/ X q)^,C = {(a, 6, a,d) e {U x X) Xjj [U x X)\b q{a)}. 

Thus, an element of the top, (a,b,a,d), must have the property that a £ V' , 
b = q{a), and d G W. Since V' C q^^{V), an element of the top must have second 
coordinate in V. □ 

Lemma 4.36. Let R be a commutative ring, let A, B and C be R-algebras, and 
suppose there is a map of R-algebras 

h: B A. 

Let M be a free A-module of rank one, let N be an A-central A®B — A®C -bimodule, 
and let P be any right A®C-module. Give M the A®B-module structure it inherits 
from h. Suppose 

H : M (»A(SB N 
is any morphism of right A (x) C -modules. If 

ip-.M^M 

is an A(® B -module map, then ker ^ C ker ® N). 
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Proof. Since ip is an A® S-module morphism, ip is an A-module morphism. 
Since M is a free ^-module of rank one, ip is just multiplication by an element of 
A, a. Suppose c G ker fi has the form c ~ Y^iirii (g) rii ^ M ^ N . Then 

(g) N){c) ~ fJ-{'St{a ® 1) • ® Hi) = fi{T.^mt ® (a (g) 1) ■ m) = 
^{Tiirrii ®ni-(a® 1)) — ^{Tiimi ® rii) • (a (g) 1) = 0. 

□ 

Proposition 4.37. Suppose C is an invertible Ou-module, B is an 0((7xjs:)^- 
module, V is an OjjxX -module andq : U X is a morphism. Lef pr, : {UxX)fj — > 
U X X be the standard projection maps. If 

M : pr2*(pri(id(7 x q)*C®Ox B) P 

and 

tp : (id(7 X q)^,C (idj/ x q)^,C 
are morphisms, then ker /i C ker ^{ip ® B). 

Proof. We reduce the statement of the Proposition to that of Lemma [4.361 
Suppose V,W C X are open afhne. Let V C q~^{V) be an affine open set such 
that C restricted to V is free. We have 

(4.11) pr2,(pr^(id[/ X q),C ® B){V' x W) = 

prt(id[; X g),£ (g) B{{U x X) Xu {V x W)). 

By Lemma 14.351 part 2, and Lemma l4 .341, (|4.1ip is isomorphic, as Ouxx{V' x W)- 
modules, to 

(4.12) prt(id;7 x g)*£ ® B{{U xV)xu{V' x W)). 
Since {U xV)xu {V x W) is affine, (|4l^ equals 

prt(id;7 X q)*C{{U xV)xu{V' X W)) ® B{{U xV)xu{V' x W)) 
which, in turn, is easily seen to be naturally isomorphic to 

(idc/ X q),C{V' X V) ®Ou.xiv'xv) BiiV X V) xu (V x W)). 
The result now follows from Lemma [4.361 □ 

Corollary 4.38. Let V be a U-family in standard form. Any Ouxx-fnodule 
automorphism, ipQ, of Vo can be extended to a B^ -module automorphism of V . 

Proof. Let : Vi ® Bi ^ Pi+i be the multiplication map, and let -00 be 
the restriction of ipo ®) BY to ker /zo,i. By Proposition [433 the following diagram, 
whose rows are exact 

^ ker ^0,1 ^ Po ® iJf -^^^ Vi ^ 



■ ker ^0,1 ^ Vo ® B^ Pi 
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commutes. Thus, there exists a unique Ou xx-modnle automorphism, ■01 of Vi, 
completing the diagram. Continuing in this way, we have an Ojjxjs: -module auto- 
morphism ijj whose ith component is ipi, with the property that the diagram 



KU 

^1 M. 



commutes. By Lemma 13.261 is a S^-module automorphism, as desired. 

Corollary 4.39. If ip : A4 J\f is an isomorphism of U -families and if 

7 : Xo A/'o 

is an isomorphism of OjjxX -modules, then there exists an isomorphism 9 : A4 — 
of U -families such that 6q = ^. 



□ 



Proof. Suppose TV is canonically isomorphic to the U -family in standard form 
V. Now, 'iIjo7~^ '■ M) A/q, so gives an automorphism Vo Vq- By Corollarv l4.381 
this automorphism extends to an automorphism of V, which gives an automorphism 
(5 of TV, such that So = ■ Now let = d^^i}}- Then 9q = ^ipQ^^o = 7, as 

desired. □ 

4.4.4. r„ is compatible with descent. We now set up notation which we 
will use for the rest of this chapter. Let p : U ^ S and q : V ^ S he affine, 
noetherian schemes, and let / : ^ ^ J7 be a faithfully flat morphism. Let fi : 



VA 



V and ft. 



Vjj be projection maps. For ease of reading, we alter our 



notation convention for the rest of the chapter by letting e = f x idx , = fiX idx , 
and Cij = fij X idx- We have the following commuting diagram: 



V XrrV XrrV X X ■ 



V xuV X X~ 



V X X 



V XuV XuV' 



/23 

"TIT 



/i 



V XuV 7^ 



V ■ 



Since / is faithfully flat and locally finite, so is e, and if 



z" : Y" = {V X X)ij^^ 
z'" : Y'" = {VxX) 



3 

UxX 



Vji xX = Z" 



Vi} X X = Z" 



and 



: {V X X)l.,^ -> (F X X)Ij.,^ 



are projections, then the diagram 



UxX 



u 



Y" 



Y" 



Y' 



Z" 



Z" ■ 



■Y' 



commutes. Thus, Corollarv l4.31l mav be employed to prove the following 
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Proposition 4.40. With the notation above, the functor H ^ e*H which goes 
from Ouy.x -"modules to OvxX -modules with modified descent data, is an equivalence 
of categories. 

We now reintroduce some notation. Let p = p x idx : U x X ^ S x X, and 
for any U € S, let pr^ : {U x X)^ — > [/ x X be the standard projection maps. Let 
be an Ox-bimodule. To each [/ G S, let 

^PTi{p,^*(~)®p^*n 

and suppose, for f : V ^ U in S, 

(4.13) Af : f*F^ =4> F^/* 

is the isomorphism defined in Example 12.201 This assignment defines an indexed 
functor 5^ : X — > X, where X is the S-indexed category defined in Example 12.181 
such that = Mod(t/ x X). 

4.4.5. Injectivity of r„([/) Tn{V). 

Lemma 4.41. Let M. and Af he truncated U -families. Suppose 9 : e*M. — > e*7V 
is a -module isomorphism. Suppose ei*9Q — e2*0Q. Then ei*6 — 62*0. 

Proof. Since ei*9o = 62*^0, there exists, by Proposition 14.401 a V'o : 
Mo such that e*'!/'o = ^o- 

Since there is a morphism of functors e*F^ =^ F^e* as in (|4.13p . the diagram 

(4.14) ^*pu^f.^^*puj^^ 



F^e*Mo -^-^ F^e*Mo 

commutes, and the columns are isomorphisms (since they are just the maps (|4.13p ). 
Since is a S-module map, the diagram 

(4.15) e*F^e*MQ'-^e^*F^e*No 



ei*e*Mi — ^ ei*e*Mi 

commutes. Applying e* to (|4.14p and stacking (|4.14p above (|4.15p gives a commu- 
tative diagram: 

e,*e*F^Ma ^ e,*e*F^Afo 



ei*e*Mi ^ ei*e*Mi. 

£1*^1 

Since multiplication F^e*A4Q — > e*Mi is defined as the composition 

F^e*Mo e*F^Mo e*Mi 
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the verticals of this diagram are ei*e* apphed to the muhiphcation, /i, of the B- 
modules M and M . This shows that the left and right face of 



e2*e*F^MQ 




e2*e*Mi 




ei e 



62 e 



commute. Since ei*e*/i — e2*e*/i and 

the top and sides of the cube commute as well. Since the vertical maps are epis, the 
bottom is commutative so ei*6i = 62*^1. Using this fact and repeating the above 
argument, we find that ei*9 = 62*0. □ 



Let us prove part of Theorem 14.41 

Proposition 4.42. With the notation as in the beginning of this section, 
r„(/) : r„(C/) — > Tn{V) is an injection. 



Proof. Let A4 and TV be t/-families. By Lemma 14.331 we may assume 7W 
and TV are in standard form. Suppose [e*M] = [e*TV], i.e. suppose e*M = e*TV 
as ^-families. By Corollarv I4.39[ there exists a 9 : e*Ai = e*TV such that 6*0 is 
the identity. Thus ei*9o = 62*^0- By the previous lemma, ei*9 ^ 62*6. Thus, by 
Proposition 14.401 there exists an isomorphism 6 : A4 ~> JV such that e*6 = 9. Fi- 
nally, we must show that ^ is a i3-module morphism. If fi' denotes the multiplication 
maps of the modules e*A4 and e*TV, then we know 



i-i-'i 



Mi 

e*TV+i 



commutes since is a Z?-modulc morphism. By naturality of the indexing map 
(|4.13p . the diagram 

e'F^Si 



e*F^Mi 



'F^Af, 



F^e*J\f, 



commutes, and when this diagram is placed above the previous diagram, the 
columns are e* applied to the multiplication map of the S-modules M and Af 
by definition of /i'. Since the composition of the previous two diagrams commute, 
and it equals the application of the functor e* to a diagram of Ofyxx-modules, the 



4.4. THE PROOF THAT r„ IS COMPATIBLE WITH DESCENT 



75 



diagram commutes after removing e* by Proposition 14.401 Thus i5 is a ,B-module 
morphism. □ 

4.4.6. Completing the proof that r„(— ) is compatible with descent. 

Lemma 4.43. Let M be a V-family such that ei*M = e2*M as B^^uV _ 
modules. Then, for some q : U X , Ai^ = e*(idy x q)^,Oij. 

Proof. Without loss of generality, we may assume A4 is in standard form. 
Thus, for some q' : V ^ X, A4q = (idy x g')»Oy. We may now compute 



(4.16) 



ei*Mo = ei*{idv x q'),Ov 



{idvxuV X q'fi)*fi*Ov 



where the right morphism, the dual 2-cell induced by the diagram of schemes 

V xuV — 

'fiv X u V x q' fl idv-xg' 
V XuV X X -^^V X X, 

is an isomorphism by Lemma 13.441 Furthermore, 



ei*{idv X q')^Ov = e2*(idy x q')^Ov = (idyx„y x q'j2)*f2*Ov 

where the first isomorphism exists by hypothesis and the second is an isomorphism 
as in (|4.16p . Thus, by Proposition l3.43i q' fi = q' f2 so by Theorem l4.41 there exists 
aq:U^X such that qf = q' . Since f*Ou = Oy, 

Mo = (idy X qf)^Ov ^ e*{idu x q)^Ou, 

where the last isomorphism is the dual 2-cell induced by the diagram 

/ 



V — 

idv xqf 

V X X 



U 

■U X X. 



□ 

Lemma 4.44. Let M be a V-family, and suppose ei*M = e2*M as B^^"^ - 
modules. Then there exists a V-family M' = M and an isomorphism 9 : ei*A4' 
e2* M! such that 9o is a descent datum. 



Proof. By Lemma l443l there is a 1^-family M' = M with M'o = e*{idu x 
q)^Ou. Thus e*A^o — e*iM. = CjA^ = ejA^o- Since the canonical isomorphism 



ei*e*{idu x q)^Ou = e2*e*(id[/ x q)^Ou 
is a descent datum, the result follows from Corollary 14.391 



□ 
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Lemma 4.45. Let L he an invertible Ou-module and letAf — {\du xq)<,C. Then 
the diagram 

ei*e*F^N ^ i^^x^^ei*e*7V 



e2*e*F^M ^ F^''"^e2*e*Af 

whose horizontal maps are just compositions of maps ^J^T3^ (on page |75|), com- 
mutes. 

Proof. We must show that the diagram 

ei*e*F^N ^F^><^^ei*e*7V 



{eeiYF^N ^ F^x^^(eei)*AA 



{ee2yF^N ^ F^X"^(ee2)*AA 



e2*e*F^N ^ F^^"^e2*e*M 

commutes, where the vertical maps are the natural maps. Since F is indexed by 
Lemma |3.33[ the top and bottom squares commute. Since the middle verticals are 
equalities, the middle square also commutes and the assertion follows. □ 

Proposition 4.46. Let M he a V -family, and suppose there is a B^'^"^- 
module isomorphism 9 : ei* M. — > 62* A4. Then there exists a U -family J\f such that 
e*JV = A4 as -modules. 

Proof. By Lemma [4.441 we may assume that there exists a q : U ^ X such 
that Mq — e*(id;7 x q)^Ou and that 6*0 is a canonical descent datum. By Lemma 
14.451 and the fact that 6* is a ;B^-module morphism, the diagram 

et*e*F^{idu X q),Ou ^ e2*e*F^(idc/ x q),Ou 

F^x^^ei*7Wo ^ F^'^"^e2*Mo 



1^0 
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commutes, where the top vertical maps are indexing maps ()4.13|) on page 1731 Let 
Wo = {idu X q)^Ou- Expanding the bottom square, we get a diagram 



pVXuVg 



ei*Mi 



■ e2*Mi 



where, again, the top two pairs of vertical maps are indexing maps ()4.13p . But by 
definition of these vertical maps, this diagram equals 



ei*Mi — 



e2*Xi 



whose vertical maps are ei* applied to a morphism 

e*F^J\fo'^Mi. 

Since the top morphism of this diagram is a descent datum, 9i is a descent datum by 
Lemma 14.261 and there is an isomorphism : A4i — > e*J\fi for some O^/xX-niodule 
A/i by Proposition 14.401 Therefore, we have a commutative diagram 



ei e 



■ e2*e*F^Mo 



e2*F^e*Uo 

ei'ipfJ. 

e2*e*Ni 



where the bottom horizontal map equals (e2*'0)^^l(el*'0) ^ and where the vertical 
maps are ej* applied to a morphism 



: e*^'^^ 



Since 9i is a descent datum, so is (e2*'!/')^i(ei*'0) ^, so that by Proposition 14.401 
there exists a ^' : F^Mo — > A/i such that e* n' = (j). Thus we have a commutative 



78 



4. COMPATIBILITY WITH DESCENT 



diagram 



ei*e*/i' 

ei*e*M 



62 e 



62 e ;i 

^e2*e*M. 

Since and e are faithfully flat, e* and e* are exact. Thus, ker e*e*[)! = 
ei*e*ker/i' and /i' is epi since e*fi' is epi. Since /i' is an epi, there exists a unique 
morphism 

ei*eWi ^ 62*6^1 

making the diagram commute. Since the top morphism is the canonical one, we 
conclude that 9i is also the canonical morphism (Definition l4.27p . The proof follows 
by induction. □ 



Thus, we have succeeded in proving Theorem 14.41 



CHAPTER 5 



The Representation of for Low n 



In this chapter, we assume, unless otherwise stated, that X is a separated, 
noetherian scheme, f is a coherent Ox-bimodule, and there is a graded ideal I C 
T(£) whose first nonzero component occurs in degree m > 1. Let B =^ T{£)/T. 
We represent r„ for n < m (Proposition 15 . 1 1 and Theorem [53]) . Before reading the 
remainder of this chapter, the reader is advised to review the last two sentences of 
Section 1.6. 

5.1. The representation of Pq 

Proposition 5.1. Po(-) = Homs(-, J'^). 

Proof. Let U be an affine scheme. Then 

Tq{U) — {isomorphism classes of truncated {/-families of length 1}. 

By Proposition l3.43[ these classes are indexed by elements of lloms{U, X): if A4 is 
a truncated [/-family of length one, M. = (idu x q)^Ou for a unique map q : U — > X. 
This gives a bijection 

ac; :Po((/)^ Horns ((/,X) 

defined by cr;7([A^]) = q. We show a is natural. Let q : U X, so that [{idjj x 
q)^,Ou] G ^o{U) and let f : V ^ U he a. morphism of affine S'-schemes. Then 

ro(/)[(idc/ X q),Ou] = [(idy X qf^Oy] 

so that 

Homs(;7,X)^^Po([/) 



-o/ ro(/) 
Roms{V,X)^^To{V) 
commutes. Thus, a defines an isomorphism 

I]:Po(-)=^Homs(-,X). 

□ 



5.2. The representation of r„ for < n < m 

Before stating the main result of this chapter (Theorem l5.3p . we introduce some 
notation. Suppose Y and Z are separated, noetherian schemes, £ is an OxxY- 
module and T is an Oyxz-module. Suppose also that pr, : X x Y ^ X,Y, 
prj : Y X Z Y, Z (same notation!) and pr, : X xY x Z ^ X xY, X x Z,Y x Z are 



79 



80 



5. THE REPRESENTATION OF r„ FOR LOW n 



projection maps, andpf andp^r are the structure maps of Pjs:xy(^) and Pfxz(.^) 
respectively. We denote by 

Pxxr(^) ®r ^yxz{:F) 
the fiber product in the following diagram: 

^xxy{£) <»y^yxz{:f)-- ^^yxz{:f) 

I 

ge I priopjr 
V 



VxxYi£) 



prjOpE 

Since X xY x Z is the fiber product of the following diagram: 

Y X Z 



we have the commutative diagram 



Pxxy{£) 



P£ 



X xY 



XxY xZ 



■ YxZ 




YxZ 



By the universal property of the fiber product, there is a map t : Pxxr(^) ®y 
^^YxziJ^) -^X xY X Z, making 

^xxy{£) «>y Pyxz(.^) 



Pxxr(^) 



'^Yxz{T) 
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commute. Thus, Pxxy{S) ®y Pyxz{^) is an X x Z-scheme. 

Remark. Using the tensor product notation to denote a fiber product of spaces 
becomes useful when X = Y = Z . 

Lemma 5.2. Retain the notation above. If T is a scheme and Q is an OzxT- 
module, then there is an isomorphism 

{^Xxy{£) ®Y Fyxz(^)) ®Z PzxT(e) ^ ^Xxy{£) ®Y (Pyxz(^) ®Z ^Zy.T{Q)). 

Proof. The proof is a tedious exercise in the use of the universal property of 
the fibre product. □ 

Remark: The same result holds if we replace the various projective bundles by 
arbitrary X xY ,Y x Z , and Z xW schemes. By the lemma, the space (P^a (.F))®" 
is well defined. 

Theorem 5.3. For < n, there is a monomorphism 

$ : r„(-) =^ Homs(-, iFx2 (f))®") 

which is an isomorphism for n < m. 

A more detailed description of <& is given in Proposition l5.19l For the remainder 
of this chapter, let U be an affine, noetherian scheme and suppose 

pr, : {U X X)l X X 

are the standard projection maps. Let q : U ^ X, and let Ai be an O^/xX-niodule 
isomorphic to {idu x q)^.Ou- Let Z ^ SSupppr^A^, and let z : Z ^ (J7 x X)'\j be 
the inclusion map. 

Lemma 5.4. Let R be a commutative ring and let A, B, and C be commutative 
R-algebras. Let q : B A, and let A have a B-module structure via the rule 

b ■ a ^ q{b)a. 

In what follows, all unadorned tensor products are over R. Then the A (8) C -module 
map 

f : A®C ^ {A®B)®a{A®C)/ ann(((A ® B) ®a {A ® C)) ®a0B A) 
sending a® c to the image ofa®\®l®c in 

{A ® B) ®A {A ® C)l ann(((yl ® B) ®a {A ® C)) ®a»s A), 
is an isomorphism. 

Proof. The map / is an epimorphism since, if a G A, b € B , and c £ C, then 
a®b®l®c- q{b)a ®l®l®ce ann{{{A ® B) ®a {A ® C)) ®a<db A). 

We now show the map is a monomorphism. First, ii A® C is given an {A ® 
B) ®A {A ® C)-module structure defined by the rule 

(a®b®l®c) ■ {c ®a) ^ cc ® aq{b)a 

for a,a' G A, b € B and c £ C, then it is easy to see that there is a natural 
{A ® B) ®A {A ® C)-niodule isomorphism 

(5.1) {{A®B)®a{A®C))®a®b A-^ A®C. 

Let / be a finite set. For all i E I, let ai <E A and Ci G C. Suppose 'SiOi ® 1 ® 
1 ® Ci G ann{{A ® B) ®a {A ® C) ®a®b A). Then, under the isomorphism (|5.ip . 
Tjitti ®l®\®Ci e ann A ® C. Thus, E^a^ ®CiGA®C equals 0, proving that / is 
a monomorphism. □ 
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Proposition 5.5. The map prji : Z ^ U x X is an isomorphism. 
Proof. First, we show that as a map of topological spaces, 

prjj : Z U X X 
is an isomorphism. This follows easily from the fact that, since 
Z = {(a, b, a, c)e{U X X)l\h = q{a)}, 

the continuous map 

{lAu xq)x {idu X idx) : U x X ^ Z C {U x X)l 
is inverse to ^2^- 

We next show that pr2i is an isomorphism of schemes. Let X = ann pr^A^. We 
must show that if 

pi* : Ouxx P^2*C>(^uxX)l 
is the sheaf morphism from the map pr2, and if 

i* ■ C(c/xx)?, -^0(uxx)l/^ ^ij-\0(^uyx)l/l) 

is the sheaf morphism from the map i, where the first arrow is the usual quotient 
map, then the sheaf morphism 

W2j*°P^f -OuxX W2j*'>'^^iC>(UxX)l/^) 

is an isomorphism of O^/xx-modules. Since the rightmost composite of i'^ is an 
isomorphism (which can be checked pointwise), in order to show pr2^i'^ oprf^ is an 
isomorphism, it suffices to show 

Pr2*^°prf : Ouxx P^2*{0(uxx)fj/I) 

is an isomorphism. Let Speci? and SpecC be affine open subsets of X and let 
Spec A = g~^(Spec_B). The composition of 

pr2,(5oprf (SpecA® C) : Ou xx {Spec A (E) C) ^ pr2,(e'(,7xx)?, A)(Spec A C) = 

(C(i/xx)?,A)((Specyl x X) xgp^cA (SpecA^C)) 
with the A (g) C-module isomorphism 

iO(uxX)l/^){{SpecA X X) xgpccA {Spec A(E)C)) 

{0^uxx)im{Spec{{A B) ®a {A ® C))) 

given by restriction (isomorphic by Lemma 14.341 and Lemma l4.35p is just the map 
oi A® C-modules 

f : A'S>C ^ {Ai»B)®a{A(EC)/ ann(((A ® B) i»a {A <S> C)) A) 
sending a c to the image ofa^lOl^cin 

{A B) ®A {A ® C)/ ann(((A B) iS-a {A C)) ^A<g,B A). 
The fact that this map is an isomorphism follows from the previous lemma. □ 
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Proposition 5.6. Let M be an Ouxx-module, and let T be an 0([/xx)^- 
module. Then (pr2*)* ho-s a right adjoint (prji)' and there is a natural bisection 

(5.2) ,p:Roinuxx{W2*{w*iM®r)M)^ 

Hom([;xX)2^(J^,Homo^^^^^, (pr*A^,i*(pr2i)'A/')). 

Proof. The first assertion follows from the previous lemma. To prove the 
second assertion, we note that the functors 

(prai)* o i* o (pr^X ® -) : Qcoh(J7 x X)^ QcohC/ x X 

and 

, {w*iM,-) o 4 o (prgi)' : QcohC/ x X ^ Qcoh(f/ x X)% 

are the left adjoint and right adjoint, respectively, of an adjoint pair. The assertion 
then follows from the fact that 

□ 

We prove Theorem 15.31 by first proving the following three preliminary results. 
Lemma 5.7. Suppose r : U ^ X, M ^ (idy x r)^,Ou, 

F : Qcoh(t/ x X)l QcohC/ x X 
is the functor pr2^ o (pr|Al iX" — ), and 

G : QcohC/ xX ^ Qcoh(C/ x Xfjj 

is the functor TLomo^^^^^^,^ (pr^yVf, — ) o o (pr^i)'. Then {F, G) form an adjoint 
pair such that if 

V '■ idQcoh(c/xX)^ =^ GF 

is the unit map and 

e : FG idqcohc/xx 
is the counit map, then rjcu ; ^.i^d e^f are isomorphisms. 

Proposition 5.8. Let r : U ^ X, let M = (\du x r)^Ou- Then there is an 
isomorphism of 0^jj^x)'2j -modules 

nomo^,j^^^Aw*iM,i^{pv2i)-M) ((idu x g) x (idy x r))^Ou- 

Proposition 5.9. Let T be an 0(^uyx)l,-''TT''^dule and let N be an Ouxx- 
module. Then the bijection (j 5. . 

V' : llomuxx{W2^{wlM(E>T),J\f) ^ 

iion^{UxX)l{^,'^omo^,j^^y2^{pr*jM, i(pr2i)'A/')). 

is a bijection on epimorphisms. 
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5.2.1. The proof of Lemma 15.71 The next result follows easily from the 
definitions, so we omit the proof. 

Lemma 5.10. Suppose i :W -^Y is a closed immersion of schemes and A and 
B are Ow -"modules. Then there is a natural isomorphism oj Oy -modules 

i^:Homw{A, B) Homyii^A, i^,B). 

Lemma 5.11. Suppose V is an 0(^(jxx)fj -module such that the natural morphism 

P^iJ*P 

is an isomorphism. Then there is an O z -module isomorphism 

i*'Homo^^,^^y^ {w*iM, V) Homo, {^W*iM, i*V). 
Proof. By Lemma [??TU1 
(5.3) i^Homo,ii*W*iM,i*V) ^ Homo^^^^^y, {iJ*pr*M,iJ*r), 

while, since 

iJ*pTlM = w*iM, 

and 

ij*r^v, 

the latter sheaf is isomorphic to 

Thus, applying i* to ()5.3|) . we have a sheaf isomorphism 

i*i,nomoA^*P^*iM,i*r) ^ i*nomo,„ (pr*A^,P). 
The assertion follows from the fact that 

i*i^nomoA^*W*iM,i*P)=nomo,{i*W*iM,i*P). 

□ 

Lemma 5.12. The Oz-module i*pr*A^ is free, of rank one. 
Proof. We need to show that 

«*priA^ ~ i^^{0(uxx)l/ ^'n-'O-wlM) 
as i~^(C'(-[;xX)^/ 3'™pri-^)-niodules. Since ^ id^ we need only show that 
i,«*pr^A^ = ***~"^(C([/xx)^/ annpr^TW) 

as j*i~^(0(t/xx)^/ annprJA^) = C'(c/xX)^/ annprJA^-modules. But i,i*pr*7W = 
pr|A^. Thus, we need only show that there is an C'([jxj5f-)2^/annpr|A^-module 
isomorphism 

WIM ^ e'(t;xx)?,/annpr5;7U. 

We construct a map locally and show that it glues together. We first observe that 
the set 

C ^ {Spec(A (g, B) ®A {A ® C) (Spec B) = Spec A, and Spec B, Spec C C X} 

is an open cover of Supppr^A^ by Lemma 14.351 Thus, to define a map of sheaves 
pr^^A^ C(t/xx)^/ annpr|A1, it suffices to define, for each F G C, a map fv ■ 
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prlM{V) C(;7xX)2 / annpr^A^(V^) and then to show that if V is also in C, then 

fv{vnv')^fv'ivhv'). 

Suppose V = Spec(A B) ®a {A®C)e C. Since 

C(c/xx)2, (Spec(A X B) iS)A {A (g) C)) = (A (g) S) i»a {A (g) C) 

and 

pr^A4(Spec(A g) S) (g^ «> C)) = (yl B) (g^ (A g) C) g)A®B A, 
there is an epimorphism 

(5.4) 0(j;xx)-^(Spcc(Ag) S) (gA (^(g C)) -> prJX(Spec(A(gB) g)^ (A g) C)) 
sending 

a g) 6 (g 1 g) c e (A (g B) g)^ (A g) C) 

to 

(ag)6g)lg)c)g)le(Ag)Bg)C) g)A0B ^• 
The kernel of this epimorphism is exactly ann {A g) B) {A g) C) g>A®B ^- Thus, 
the map (|5.4p gives an isomorphism 

/v : (0([/xjf)2^/annpriX)(Spec(Ag)B) (Ag)C)) ^ 

priA^(Spec(A B) g)^ (A g) C)). 

We show that these isomorphisms glue to give an isomorphism of sheaves. Suppose 
V = Spec(A' g) B') ®A' {A' g) C") G C. Then as before, we have an isomorphism 

fv ■■ (0(,7xX)g,/annpr*7U)(Spec(A'g)B') g)A' (A' g) C")) 

prJ7W(Spec(A' g) B') g)^, (A' g) C")). 

We must show 

/y(Spec(A (g) B) ®A {A®C)r\ Spec(v4' (g B') 0^' <g C')) = 
/V'(Spec(yl ® B) ®a (A g) C) n Spec(A' (g B') ®a' {A' ® C')). 

Since U and X are separated, the intersection of two afhne open subsets of U is 
affine, and the intersection of two afhne open subsets of X is affine. Suppose Spec 
An Spec A' = Spec A", Spec BC^ Spec B' = Spec B" , and Spec Cn Spec C" = 
Spec C" . Then we need to show that 

/y(Spec(A" ® B") ®A" {A" <g C")) = 
/y-(Spec(A" ® B") ®A" [A" (g C")). 
This follows immediately from the definition of fv and fv'- D 

Lemma 5.13. Let F : A B be a functor and suppose {F,G) is an adjoint 
pair. If Af is an object of B such that : FGJ\f M is an isomorphism, then 
VGAf is an isomorphism. 

Proof. Suppose ej\f is an isomorphism. Since the composition 

GN =^ GFGJV =^ GN 
is the identity, and since G * ej^ is an isomorphism, 

VGN = (G * ejsf)"^ 

so that rjQjsf is an isomorphism. □ 
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Lemma 5.14. Let r : U X, let J\f = {idu x r)^Ou, let 

F : Qcoh(C/ x X)f, QcohU x X 

be the functor prj^ o (prJTW (S> and let 

G : QcohJ/ X X ^ Qcoh(t/ x Xfjj 

he the functor Homo^^^^^^y^ (P^jA^j —) o o (pigi)'. Then {F,G) form an adjoint 
pair such that if 

V '■ idQcoh((7xX)f, =^ GF 

is the unit map and 

e : FG idpcohaxx 
is the counit map, then rjQjsf and ejv are isomorphisms. 

Proof. By Lemma 15.131 in order to prove that 'qcN' is an isomorphism, it 
suffices to show that ej^ is an isomorphism. To complete the proof of the lemma, 
we show that eA/' is an isomorphism. Let 

F' : Qcoh(C/ x X)l -> Qcoh(t/ x X)fj 
be the functor pr*7W ® — , and let 

G" : Qcoh(t/ X X)f, Qcoh([/ x X)f, 
be the functor Homo g (pr ^ A^, — ). If e' : F'G' id is the counit of the adjoint 
pair (F', G"), then e : FG id is given by the composition 

pr2*-P'G"i»(pr2*)' > (pr20*(pr2*)' id 

where the rightmost map is the counit map of the adjoint pair ((prji)*, (prji)'). 
Since prjZ is an isomorphism fProposition l5.5| ). to show that e_\f is an isomorphism, 
it suffices to show that ^'{^(pY^iYJV is an isomorphism. This map is defined on an 
affine open set V C {U x X)fj by sending a /? in 

F'G't4pY,z)W{V)^prlM{V)^Uomo^^^^^,^iV){p4M{V),i4pr,zyM{V)) 

to /3(a) G i*(pr2i)'A/'. To prove that e'i,(pr2i)'A/' is an isomorphism, we claim it 
suffices to prove that i*i' i^(pr^iy.\f is an isomorphism. For, suppose this is the case. 
Then, if 77" : id => i^i* is the unit, the top map in the commutative diagram 

(5.5) i^i*F'G'i^X^r2i)-N' — ^ i*i*i*(pr2i)'7V 

v" 11" 
F'G'i^pr^iy-N' ; ^i^pv^iyM 

is an isomorphism. Since '7"p].*A< is an isomorphism, f?"pr*A4®w is an isomor- 
phism for all Ti. in Qcoh(C/ x X)fj. Thus, i]" F'G'itipr^i)' N is an isomorphism. Since 
'/'i,(pr2i)' M i^ ^^^^ isomorphism by Lemma 15.131 the top and sides of (|5.5p are 
isomorphisms, so the bottom of (|5.5|) is also an isomorphism. 
To complete the proof, we show that 

«*e'i.(pr2»)^7V : i*{WiM (g) Homo^^^^y, (pr^ i^pr^^'A/")) -> ri(pr2i)'A/' 
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is an isomorphism. By Lemma 15.111 there is an isomorphism 

4> : i*nomo^^^^^y, (pr'JX, i(pr2i)'7V)) ^ 'Homoz{i*W*iM, i*i^{pr2i)'j\f)). 
Thus, there is a morphism 

i*pr^A^ ® nomozi'i*W*iM, i!*i*(pr2*)'-^) 

i*pilM (g) i*Homo 2 {w*iM, i,(pr2i)'7V) 



Since i*pr^A4 is a free rank one O^-module by Lemma 15.121 there is a natural 
isomorphism 

i*prlM ® Homoz{i*pr*iM, i*i*(prgi)'A/') 



'Homoz{i*W*iJ^j i*i*{pi'2''')'-^) ^ i*i*(pr2i)'7V. 

An easy local computation shows that the diagram 
i*prlM ® Homoz{'i*P^'*iM, i*i*(pr2 j)'A/') 

'Homoz{i*W*iM.^ i*i*(pr2i!)'A/') i*i^[pr2i)'M . 

commutes. Thus, i*e', and hence e', is an isomorphism. □ 
5.2.2. The proof of Proposition [HH 



Lemma 5.15. If r : U ^ X , and if M = (idy x r)i,Ou then there is an 
isomorphism of Oz -modules 

i*nomo^^^^yAp^*iM,i^{pv2i)-M) -> (pr2i)'A/'. 
Proof. By Lemma [5.131 the natural morphism 

i*(pr2i)'A/' — > i*i*i*(pr2i)'7V 
is an isomorphism. Thus, by Lemma l5.111 there is an isomorphism 

i*'Homo, ,2 (prj A^, i,(pr2i)'A/') -^'Homoz{i*W*i-^i'i'*'i'*{W2''')'-^)- 

( U XX) J. 



By Lemma [5.121 

Homoz{i*P'i:*M,i*ii.{pT2i)'M) = i* it{pT2i)'J\f, 
and this last sheaf is naturally isomorphic to (pr2j)'7V. 



□ 
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Lemma 5.16. Let f :Y Z be an isomorphism of schemes. Then the functors 

f* : QcohZ ^ QcohY 

and 

/■ : QcohY ^ QcohZ 

are naturally equivalent. 

Proof. Since / is an isomorphism, / is affine and there are adjoint pairs 
{f*jf*) ^-iid {ft:,f') with counits e and e', respectively, which are isomorphisms. 
Thus, we have a natural isomorphism 

f^'f*f.f^^r- 

□ 

Proposition 5.17. Let r : U ^ X, let J\f = {idu x r)^Ou. Then there is an 
isomorphism of O(^(j~^x)fj~''^odules 

(prjA^, «*(pr2j)'A/') ^ ((idy x g) x (idy x r))^Ou. 

Proof. By Lemma [5.151 there is an isomorphism 

i*nomo^^^^y^{pi:*iM,i^{pr2iyjV) {pi-2i)'Af. 

By Lemma |5.7[ 

id*nomo^^^^yAw*iM, i^{w2i)'^) - '^°'^o^^^^^2^{w*iM, i,(pr2i)'A/'), 
so that 

'^'^'^o^,j^^yAw*iM,i^{W2i)'^) - j*(pr2*)'-^- 

By Lemma [5. 161 

(5.6) i,(pr2i)'7V = i,i*pr2*A/' = «,i*pr2*(idc/ x r)^Ou. 
We simplify (j5.6p by defining a map a which makes the diagram 

(5.7) SSupp(prt(idc/ X q),Ou) 



U ^ iU X X)2 . 

(id[/ xg) X (idrj xr) ^ 

commute. For p € U, define a(p) — {p,q{p),p,r{p)) G Z. Let I ~ ann pr^yVt. We 
now define the sheaf component of a, 

a* ■.i-\0^uxx)im^a,0u. 

To define a"^, we note that the sheaf map 

(id,7 xq) X {idu X r)* : 0(c/xX)2, -> ((id[/ x g) x (idy x r))^Ou 

has I in its kernel. This follows readily by examining the morphism locally. Thus, 
there is a sheaf map 

(C(c/xx)2„ A) ^ ((id(7 X g) X (id[/ X r)),0[/. 

Applying i^^ to this map, we have a map 

a* : i^'^{0^uy,x)i/T) ^ i"^((idt/ x g) x (idy x r)),0[/. 
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The assertion follows by noting that a* = i^^{{idu x q) x {idu x r)),. With this 
definition of a, it is easy to see that ()5.7p commutes. 
We next show that the diagram of schemes 



u- 



SSupp (pr*(idc/ x q)^Ou) 



u 



idrj XT' 



U x X 



is a puUback diagram. In particular, we show that 

a X idu : U ^ Z xu-kx U 

is an isomorphism. Let tt2 '■ Z Xjjxx U U he projection. It is clear that the 
composition 



U- 



ixidL 



Z X 



UxX 



U ■ 



U 



is the identity map. Thus, in order to show a x idu is an isomorphism, it suffices 
to show that the composition 



Z X 



UxX 



U ■ 



U- 



a X idu 



Z X 



UxX 



U 



is the identity. This is true at the level of spaces. We must show that the map of 
sheaves 

OzxuxxU {ax idu)*Ou (a x idu)*Tr2*OzxuxxU 
is the identity map, where the left map comes from the scheme map a x idu and 
the right map comes from the scheme map 7r2. A local computation bears out this 
fact. Thus, by Lemma [3. 441 i*pr2*(id(7 x r)* = a*. Applying to this isomorphism 
yields the isomorphism of functors 

i*i*pr2*(id;7 x r)* = i*a* = {(idu x ?) x (idy x r))*. 



□ 



5.2.3. The proof of Proposition [5T9l 



Proposition 5.18. Let T he an 0(^uxx)l -module and let J\f he an Ouxx- 
module. Then the hijection 



■4) : llomuxx{pr2jprlM(E)T),JV) 
ilo^iUxX)l {^, ^""^Ot^xx)!, (P'^i ** (P^s O'-^))- 



is a hijection on epimorphisms. 
Proof. Let 



be the functor 
and let 

be the functor 



F : Qcoh{U x X)l ^ QcohC/ x X 

(pr2«)* oi* o {pr^M ® -), 
G : QcohC/ x X ^ Qcoh{U x X)Ij 
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Let 77 : id —> GF be the unit of the adjoint pair {F,G). By definition, if / is 
an element of the left hand side of (15. 2|) . then ip{f) = Gfrjjr, Thus, if / is an 
epimorphism, then to show V'l/) is an epimorphism, it suffices to show that 7]jr and 
Gf are epimorphisms. 

We first show that the unit map 

■qr-^F^ GFT 

is an epimorphism of Oj-y^x)!, "Modules. Let 

F' : Qcoh(C/ x X)l Qcoh(t/ x X)fj 



be the functor 
and let 

be the functor 



pr*7W 



G" : Qcoh(J7 x X)Ij Qcoh(t/ x 



u 



Then (F',G') form an adjoint pair, with unit, 77'. We show that rj'yr is an epimor- 
phism, which will later help us show yy^r is also an epimorphism. We first note that, 
to prove 

is an epimorphism, it suffices to show 1*7]' is an epi. For, supposing that is an 
epi, i^i*ri' must also be an epi since is exact. Since j is a closed immersion, the 
unit map rj" jr : T — > i^i*T is an epi. Since the unit map f]" g'F'J^ is an isomorphism, 
the commutativity of the diagram 

T ^ G'F'T 



■n F 



iJ*T i^i*G'F'T 

implies 7]' jr is an epi. Therefore, in order to show rj' is epi, it suffices to show i*vl jr 
is epi. We prove this. By Lemmas I5.f II and 15.121 there is a natural isomorphism 

such that &i*r\' — idjr. Thus, 1*77' is an epi so that 77' is an epi. 
Next, by Proposition [531 the composition of unit maps 

pr*A^ ®T ^ iS{\,Y{M®T) «*(pi'2«)'{pi'2«)*«*(pi'i-A^ ® ^) 

is an isomorphism. Thus, we have a natural isomorphism 

Homo,,, {vAM,w*iM®T) ^ GFT 

making the diagram 



GFT 
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commute. In particular, the unit map rjjr : T GFT is an epimorphism. 
Finally, suppose 

/ : {w2i)*i*{wlM ® T) ^ U 
is an epimorphism. We must show that the induced map of sheaves, 

Gf : G{pT2i),i*{pYlM(E)T) -4 GAf 

is also an epimorphism. Since, by Proposition 15.51 i» and (pr2j)' are exact, we 
note that ^^(prji)'/ is an epimorphism. To show Gf is an epimorphism, we need 
only show that i*Gf is an epimorphism. To this end, we note that rj : id => i^i* 
applied to both the domain and codomain of i*{w2''-)' f ^-i^ isomorphism. Thus, 
by Lemmas 15.111 and I5.12[ i*G' applied to i*{w2^)' f is an epimorphism. Since 
i*G — i*G"i*(pr2j)', i*Gf is an epimorphism so that Gf is an epimorphism as 
desired. □ 

5.2.4. The proof of Theorem 15.31 If Q is an C'jf2-module, and p : {U x 
X)fj is projection, then let — P*G- If Qi, qj U ^ X are morphisms and 

d : U U X U is the diagonal morphism, then let 

Qij — {idu X qiX \djj x qj) o (d x d) o d : U ^ {U x X)fj. 

Suppose is a free truncated JJ-family of length n + 1 with multiplication maps 
Hi J. For < fc < n, let 

Ik : SSupp prlMk ^ (U x X)l 

be inclusion and let 
and 

G^ = nomo^^^^^2^ {prlMk, -)i/c*(pr2«fe)'. 

Finally, for i,j > 0, let the right adjunct of G llomuxx{F^^£^'^^ ,Mi+j) be 
denoted Ad^ij e Hom(yx^)2^(£'^^J, 

Proposition 5.19. For 1 <n, there is a natural transformation 

<i>:r„(-)=^Homs(-,Px^(f)®"). 

Furthermore, suppose U is a noetherian affine scheme and 

J : Homs([/,Px2(£)^") ^ Homs(C/, P(yxx)2^ 

is the map sending f to the composition 

Then j o $^([A^]) corresponds to the n epimorphisms 

Ad fii I ^ 

S'J ^ GiMi+i ^ qt,t+i*Ou 

whose rightmost map is given by Provosition 1 5. 81 
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Proof. We construct a map of sets 

(5.8) (l)u : {truncated free f/-families of length n + 1} ^ Honi|'([/, P^s 

We then show the (pu does not distinguish between isomorphic famihes, so (pu 
induces a set map 

(/.^^ : C(C/) ^ Hom^'^(C/,Px.(5)«"). 
We next show that is natural, i.e. defines a natural transformation 

: r^-X-) ^ Hom|'-(-,Fx^(^:)^"). 
By Corollary [1211 extends to a natural transformation 
$:r„(-)^Homs(-,Px2(£:)®") 

as desired. 

Step 1: the construction of a set map 

(j>lf : {truncated free U -families of length 7i + 1} ^ Hom^' (C/, Px2 
We define (j)u (|5.8p . For < j < n, let qj : U ^ X he a morphism such that 

Mj = {idu X qj)^Ou- 

and let 

be the S^-module multiplication map of M.. Since is an epi by definition of 
AA, by Proposition 15.91 /ij i corresponds to an epi 

By Proposition [5?H1 this epimorphism can be composed with an isomorphism 
to give an epimorphism 

By the adjointncss of the pair {q* j^-^^,qj j^i^), and by the affinity of qj.j+i, this 
epimorphism corresponds to an epimorphism 

(5.9) (ih+iP*^ = ih+i^"" ^ 

By Proposition [121 this epimorphism corresponds to a map 

r,:U-. V^u^x)l{£'') - ^x-{£) {U x X)l ^ P^2(5) 

whose projection to the base is qj x qj+i- Thus, the maps (ro, . . . , ?'„_i) give us a 
map 

r : C/->Px2(£:)^" 

whose projection to the base is (goi In)- We define (t)u{M.) — r. Since the left-most 
composite of is a ?7-morphism, the second assertion of the Proposition holds. 

Step 2: 4>ij induces a set map 

We need to show (j)u does not distinguish between isomorphic families. Suppose M 
is another truncated U -family of length n + 1 and 9 : A4 Af is an isomorphism 
of S'^-modulcs. Suppose, as above, that Af determines an epimorphism 

Sj : £^ Homo^^^^^, (pr*A/;-, ij,(pr2i)'7V;+j)). 
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and 



6'j : £^ qjj+it:Ou- 



We claim that, to show (l)u{A4) — (f>u{J^), it suffices to show ker7j = kci Sj. If this 
held, then there would exist an isomorphism 



such that 
(5.10) 



But since Qjj+i is a closed immersion, the counit map 

is an isomorphism. Thus, applying the functor Qjj+i* to equation (|5.10p allows us 
to deduce that 4'u{M) = (f>u{M). We conclude that, in order to show (j)u{M) = 
0(7 (A/"), it suffices to show that ker7j = ker^j. Let Cj : kerSj £^ . We show 
jjCj — 0. Since, for any [/-family V, [FJ' , Gj) is an adjoint pair, the diagram 



(5.11) 



Uomu>cxiFf£'-',M,+i) 



.Homc/xx(f^,GfXj+i) 



-oF" Ci 



RomuxxiFf kei dj , Mj+i) *- Hom[/xx(ker(5j , Gf Mj+i) 



commutes. If 



is S'^-module multiplication, then 



goes, via the top of (|5.1ip . to the map 



G7u 



where the left-most map is the unit of the pair {Fj^ , G^ ). The left-most two maps 
compose to give 8j. Thus, via the top route of (|5.1ip . Oj^^Vj goes to zero. By the 
commutativity of (|5.1ip . 

(5.12) ejl^v.oFfc, G Y{omuy.x{Ffker5,Mo+i) 

equals zero. In addition, since 9 in a, ;B-module morphism, the diagram 



M 



3 '<^Ouxx 



8^- 



■ Mj+i 



^3 ®Ou.K 



commutes so that 
(5.13) 
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We next note that pr2*(pri^j ® ^) ■ F-^ => Fj^ is a natural equivalence, so that 
the diagram 



(5.14) Romu,,xiFf£^,Mj+i 



-opr2.(Pfiej'»f") 



Homc;xx(i^i^ker(5,,X,+i) 



Homy ^ X [Ff ker Sj , M,+i) 

commutes by functoriality of Hom[/xx(— , -A4j+i)- Thus, since Oj^^Vj o F^Cj = 
by (|5.12p . and since 9j+i^^i^j{9j ®Ouxx — Mi by (|5.13p . the commutativity of 
(|5.14p implies 

(5.15) fJ-jFf^Cj = 0. 

Finally, by the adjointness of {F^^, Gj^), the diagram 

Homu^x{Ff^£'',Mj+i) Homc/xx(f ^, A4,+i) 



Uomu^xiF^^ kerS,,M,+i) Hom^^x (ker ,5, , Gf A^,+i) 

commutes. Since iij, an element in the upper left, goes to 7j on the upper right, 
()5.15p implies ^jCj = as desired. We conclude ker7j C heiSj. A similar argument 
shows keiSj C ker7j so ker7j = ker5j. Thus, cjju induces a map 

cj^l^ -.Tl^-) ^Uoml'^i-,¥x^{Trn- 

Step 3: compatibilities related to the proof that (f>^'' is natural. Let V be an afhne 
scheme, suppose f : V ^ U is a. morphism, and let / = / x idx : V x X ^ U x X. 
Let be a B^-module, and give f*M its S^-module structure (Theorem 13. 39p . 
Let = F/^ and Gf = Gf*. Let i^ : SSuppprf ^ (YxXfy be inclusion. 

Finally, let 

F^ ■■ Qcoh(t/ X X)l Qcoh(y x X)l 



be the functor pr|^(prj'^*/*7U 



and let 



G; : Qcohy xX ^ Qcoh{V x X)\, 

be the functor Uomo^^^^^, {pr* f*Mj,-) o o (prji/)'. Since {F^ ,G^) and 
[FJ , G^) are adjoint pairs, if ^E"^ is the composition of isomorphisms 



~rw2*{wiM,®-)^rFf, 

where the second nontrivial map is the isomorphism from Proposition l3.3[ (2), there 
exists, by Lemma [2.81 a natural transformation : p*G^ => Gj f* such that 
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is the dual 2-cell to the square 



QcohC/ X X 



r 



QcohV X X ; 



; Qcoh(;7 X x)l 



Qcoh(y X X)i,. 



By Corollarv l2.10[ the diagram 
(5.16) Romu>,x{F^£'^,Mj+i) 



/*(-) 



Homyxx(rF/£:^,/*X,+i) 



. . o- 



with horizontal maps the adjoint isomorphisms, commutes. Let q/jj+i denote 
the closed immersion (idy x qjf) x (idy x qj+if) : V ^ {V x X)y. Since 
i<lj j+iT and g/jj+i*) are adjoint pairs, if is the canonical iso- 

morphism [qfjj^i)*/'^* =^ j+i ij^duced by the commutative diagram of 
schemes 

V ^^(VxX)l. 



u- 



then there exists, by Lemma 12.81 a natural transformation <i>^ : P*qj,j+i* 
ifjj+i*!* such that is dual to the square 



QcohC/ 

/* 

QcohV^ ; 



;Qcoh(C/ X X)l 



Qcoh(y X X) 



Thus, again by Corollary 1 2. lOi the diagram 
(5.17) Iloin(^u^x)li£'^ ,qj,j+i*Ou) — 



■Homc/(g*,+i5^,Oc/) 



Hom 



iVxX)l 



/*(-) 



Homy(/*q*, + if^,/*Ot;) 



*ro..o- 
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with horizontal maps the adjoint isomorphisms, commutes. 
Finally, if 



is the isomorphism in Proposition [5T81 then the diagram 
(5.18) 



Hom(^,;,).^(/^*£^G/rX,+i) Rom^y^x)lif*S'' ,qhj+i*rOu) 

commutes by the functoriality of /^*. 

Step 4- ^Mj^i ^'^d '^^ '^'"'3 isomorphisms. We first show that <I>^ is an isomor- 
phism and use this result to show that is an isomorphism. By Proposition 
12.81 <i>^ equals the composition 

where the first map is the unit of the pair j+iQ/jj+i*), the second map is 
the isomorphism g/j-.j+i* * * and the last map is the counit of the pair 

((/jj+i, Since Qjj+i is a closed immersion, this last map is an isomorphism. 

Thus, to show that <i>^ is an isomorphism, we need only show that the unit 

(5-19) P*<l3..j+1* =^ Q f 3,3 + 1*1 f 3^ + 1^*13,3 + 1* 

is an isomorphism. Since, by Lemma l3.44| there is an isomorphism f'^*qj.j+i* 
q/jj+i,/*, and since the unit 

lfj,3 + l*f* =^ lf3,3 + l*lf3,j+llf3,3 + l*f* 

is an isomorphism (qfj^j^i is a closed immersion), by naturality of the unit, (|5.19p 
is an isomorphism. Thus, <i>^ is an isomorphism. 

We now show that ^^.^^ is an isomorphism. Since ^'^ is an isomorphism it 
suffices, by Proposition l2.81 to show that the unit 

(5.20) p*G'^M,+i ^ GjF^p*GfM,+i 
and the counit 

(5.21) FfGfX.+i ^ Mj+i 

are isomorphisms. The counit (|5.2ip is an isomorphism by Lemma 15.71 Thus, we 
only need to show that (j5.20[) is an isomorphism. By Lemma l5.7i the unit 

GjrM,+i ^ G]FjG]rM,+i 
is an isomorphism. In addition, by Proposition l5.8[ there are isomorphisms 
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Thus, by naturality of the unit, ()5.20p is an isomorphism. 

Step 5: completion of the proof that <i>^' is natural. The top row of the left 
to right combination of diagrams (|5.16p (on page . (|5.18p . and (|5.17p sends 
/Xj.i, the jth component of multipUcation of the S'^-module to an epimorphism 
q*j^i£^ — > Ou corresponding to rj : U ^ Px^{S)- 

We show the right hand vertical of the combined diagram sends the epimor- 
phism corresponding to rj to the epimorphism corresponding to rjf. Suppose 
<j) : Qj ^ is an epimorphism corresponding to rj. Then, in particular, 

<j) corresponds, by Proposition 14.61 to a map g : U ^ P(^xX)^(^'^) which, when 
composed with the projection P(uxX)^{^^) ~^ ^x^{^) f (14.4p . defined on page lS^ . 
equals rj . The right hand vertical of (|5.17p sends (p to the composition 
(5.22) 

The composition 

(g,,,+i/)*£^ f*ql,+i£'' — f*Ou 

appearing on the right hand side of (|5.22p corresponds to the morphism 

V — U fiu:x)l 

([9l 4.2.8, p.75]). Thus, by Lemma [4. 131 (|5.22p corresponds to the top morphism 
in the commutative diagram 



V — f/ Piu.x)i (f ^) 

whose right vertical is the map (|4.4p . which is defined on pagelHH Thus, the top 
route of the combined diagram sends /i to <I>^''([A4]) o / as desired. 

Since ^m^^-^ and $^ are isomorphisms, the bottom route of the combined 
diagrams exists and sends fij^i to an epimorphism 

V : qfl^+J^*E'' ^ f*Ou. 

Since the combined diagram commutes v also corresponds to rjf . But the left hand 
vertical of (|5.16p . on pagejini sends fXj^i to /i^- j^, the jth component of multiplication 
of the S^-module structure on f*M inherited from M (Lemma I3.45p . If C' '■ 
Gjf*M. qfjj+i^f*Ou is the isomorphism constructed in Proposition 15.81 then 
we claim the epimorphism v and the map constructed by applying the functor 
qflj+i to the map 

(5.23) p*£U ^ G]Fjp*£V ^ Gjf*M,+i — qf,,,+i.f*Ou 

correspond to the same map rjf under the correspondence defined in Proposition 
14.61 Since the apphcation of qf*j_^_i to (|5.23p corresponds to <i>y(r„(/)[A^]) under 
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the correspondence of Proposition 14.61 this would sufhce to prove the proposition. 
To prove the claim, let 

v' : p*£^ qfj..j+i*f*Ou 
be the left adjunct of v. Then v' equals the composition 



J2* gU 



■If: 



for some isomorphism /3 : Gj f*Mj+i qfjj+it:f*Ou. Thus (|5.23p equals the 
composition of v' with an isomorphism. In particular, the application of qf. 



to 



(|5.23p corresponds, via the map in Proposition 14.61 to rjf. We conclude that 

as desired. □ 

Proposition 5.20. For 1 < n, the transformation 

$:r„(-)=^Homs(-,Px2(f)®") 

defined in the proof of Proposition \5.19\ is a monomorphism of functors. For 1 < 
n < m, ^ is an equivalence. 



Proof. Fix notation as in the previous proposition. By Corollary I4.24i in 
order to prove the Proposition, it suffices to show that $ restricted to r^''(— ) is a 
monomorphism or equivalence to Hom^' (— , Pjf2 depending on n. 

We first show $ is injective. Suppose M — 0"^o(id;7 x qij^Ou and TV = 
0"^Q(id[/ X rj)^Ou are truncated [/-families of length n + 1 with multiplications 
fj, and V, such that <I>([A4]) = $([A/]). We show that M and J\f are isomorphic 
S'^-modules. We first note that the hypothesis implies Mj = Nj. For, if pg : 
IPx2(f ) — > X'^ is the structure map, qj x q^+i = p£^{[M]) = P£$([A/']) = r^ x rj+i. 
Thus, for all < j < n, there is equality Mj = JVj. 

We define a S^-module isomorphism 6 : A4 ^ J\f by induction. Let 9q = id^ . 
For < j < 71 — 1, we proceed to define dj+i. Assume, for < j' < j, there exists 
an isomorphism 6j' : Mj' — > Afj' such that the diagram 



commutes. Since $([A^]) 
such that the diagram 



<i>([A/]), there must exist an isomorphism Tj : Ou Oi 




O, 



o. 
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commutes (Proposition l4.6( ) , where the rightmost isomorphisms are the composition 

the left map of this composition is the isomorphism of Proposition 15. 8i and a 
and /3 are epimorphisms which correspond, by Proposition 14.61 to <i>([7W]) and 
$([A/]), respectively. Thus, there exists an isomorphism r' : q* j_^_^Gj'^ Aij+i 
q* .jj^-^G-fMj+i such that 



* cU 



commutes. Applying the functor g^ j+i* to this diagram gives a commutative dia- 
gram 



■ 9j.j+i*qlj+iS 




9j,3 + l 



where the left map is the unit map, 77, of the pair (g*^^]^, g^j+i,). Since VG^Mj+i 
is an isomorphism by Lemma l5.7( we have a commutative diagram 



Applying Fj^ to this diagram, gives us a commutative diagram 
(5.24) F/^f ^ ^ Ff^Gf^Mj+i 



pMgU 



F^GfN,+i. 



Since pr2*(pr*6'j (g) — ) is a natural equivalence between Ff^ and F-f , the diagram 



(5.25) 



pMgU ^ i^^^'Gf^+W^+i 



i+1 

pr2.(prJ9j(8Gf ) 
FfG^M, + l. 
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commutes also. Stacking (|5.24p above (|5.25p gives a commutative diagram 



pN^u ^ FfG^Uj+i AG+i. 

where the rightmost maps are the counits of the pair [F^ , Gj^). By Lemma [5.71 
these counits are isomorphism, so there exists an isomorphism Oj+i : A^j+i — > -^j+i 
such that the diagram 

pMgU ^ 

pUgu ^^^^^^ 

commutes. Since the top morphism is /ij while the bottom morphism is Vj by the 
definition of $, we have succeeded, by Lemma [3.26i in constructing a S'^-module 
isomorphism 9 : M J\f, as desired. Thus <i> is injective. 

Now, suppose 1 < n < m. We show $ is surjective. Suppose r : U ^ 
Px'^{£)^" is a free S-morphism. Then, on the jth tensor, r projects to {qj-i,qj). 
Let Mj = {idjj x qj)^Ou. We give M = ©"^p-^i ^ iJ'^-module structure such that 
— r. By Proposition 14.61 there exists, for < j < n, epimorphisms 

By the adjointness of the pair iqjj+i, qjj+i*), this epimorphism corresponds to a 
map 

(5.26) £^ qj,j+i*Ou 

which is an epimorphism since qjj+i is a closed immersion. By Proposition 15. 8[ 
there is an isomorphism 

^'"^0(„^^)x(prj-^ft>«*(pr2*)'-^j+i) ^ qj,j+i*Ou 

so that (|5.26p corresponds to an epimorphism 

£^ ^ Homo^^^^^^(pr^A^,^ ,i(pr2 0'Xj+j)- 

By Lemma 15.71 this epimorphism corresponds to an epimorphism 

^lJ -.Ff^S^^Mj+i. 

Since n < m, the multiplication maps i>i,ii : Bi ® Bii Bi+ii are isomorphisms for 
l + V < n. Thus, by Lemma [3. 2 71 there is a unique B'^-module multiplication, jj,^, 
for A4 such that — /i^. One may now easily check that $([A^]) ~ r. □ 



CHAPTER 6 



The Bimodule Segre Embedding 

Let X, Y and Z be separated, noetherian schemes, let £ he a, coherent OxxY- 
bimodule and let T he a coherent Oyxz-bimodule. Suppose that pr^ : X x Y ^ 
X,Y, prj : Y X Z —^ Y, Z are projections (same notation!), and p£ and pjr arc the 
structure maps of Pxxy(f) and Fyxz{J^) respectively. We denote by 

the fiber product in the following diagram: 

(6.1) PxxY 

prjop^ 



Pi'2°P£ 

In this chapter, we construct a closed immersion 

s : Pxxy{£) «>y Pyxz(.F) ^ Pxxz{£ T), 

the bimodule Segre embedding, and prove it is natural in a suitable sense. If I C 
T{£) is an ideal which has first nonzero component in degree m > 0, and B = 
T {£)/!, then we will show that, for n > m, r„ is represented by the puUback of 
the diagram 

Px2(f)®" 



Vx<£''/In) ^Fx2(f"). 

fTheorem l7.ip . After stating our main theorem (Theorem 16. 5[) which describes the 
properties of s we need in order to prove r„ is representable for large n, we prove 
these properties one by one, making consistent use of the algebraic description of s 
due to Proposition [321 

We describe notation we use in this chapter. Suppose ly is a scheme, d:W^ 
W xW \s the diagonal morphism, qi : W ^ X , q2 : W ^ Y and : W ^ Z are 
morphisms, qu = {qi x q2) o d : W ^ X x Y , q23 ^ {q2 x q^) o d : W ^ Y x Z 
and gi23 = {qi x q2 x q^) o {idw x d) o d : W ^ X x Y x Z . Finally, suppose 
q^ = (idw X qi X idw X q2) o {d X d) o d : W ^ {W X X) Xw {W X Y). Let q^ 
and g]^3 be defined similarly. 

6.1. Statement of the main theorem 

Before we can state the main result of this chapter, we must give a number of 
technical definitions. Let U he a scheme, Let X', Y' and Z' be i7-schemes, and let 



V 

Pxxy{£) 
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pi.j : X xYx Z ^ X,Y,Z and pr^^ : X' Xu Y' Xu Z' ^ X' ,Y' , Z' he the standard 
projection maps. 

Definition 6.1. With the above notation, maps p^y : X' xu Y' ^ X x Y, 
Py, -.Y' xu Z' ^Y X Z, p,, : X' xu Z' ^ X X Z and p^y, : X' Xu Y' Xu Z' ^ 
X xY X Z are said to be overlap compatible if the diagrams 
(6.2) 

X' xuY' xuZ'"-' " - " 



Pfl2 

X' xuY' ■ 
commute, and 
(6.3) 



X xY X Z 

Pl'l2 

^X xY 



X' XuY' Xu Z' ■ 

P^a 

Y' xuZ' 



■X xY X Z 
-^Y xZ 



X xY X Z 
pi'i.? 
X X Z 



X' XuY' Xu Z 

Pr'ia 

X' Xu Z' 
is a puUback. 

The foUowing Lemma is similar to Lemma 13.331 

Lemma 6.2. Suppose £ is an O x xy -'module and T is an Oy x z -module such 
that £ and T have the ajfine direct image property. Suppose Pxy, Pyz, Pxz and Pxyz 
are overlap compatible. Then p*y£ and Py^J' have the affine direct image property 
and there is a natural isomorphism 

(6.4) ply£ ®o^, P*yz^ pLi£ ®Oy 

Proof. Since the diagrams (|6.2p commute, Wi2P*xy — PxyzPi2 pr23Py^ = 
PxyzP''^23- Using these isomorphisms, we have 

Pxy£ ®Oy, PIz^ = w'l?.AWl2P*xy^ ® W23.PIz^) 

= w'lZ*{P*xyzW*12^ ® PlyzWlzJ") 

- vAi*P*xyz{W*12^ ® W*2Z^) 

- P*xzWl3*{W*12£ ® Pr23-^) 
= Plzi.^ ®Oy 

where the last nontrivial isomorphism is an application of Proposition 13.31 which 
may be invoked since £ and T have the affine direct image property and since (j6.3p 
is a pullback. 

To prove the first assertion, we must show that 

Wl2P*xy^ ® W2sP*yz^ 

is rla with respect to w'ls- But 

Wl2P*xy^ ® W23P*yz^ - Pxyziw'l2^ ® P^S^) 

as above, and the right hand side is rla with respect to pr'j^g by Proposition l3. 31 since 
(|6.3|) is a pullback. □ 
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Example 6.3. Suppose U be an affine noetherian scheme, X' ^ U x X , Y' = 
UxY,Z' = UxZ and the maps Pxyz, Pxy, Pxz and pyz are projections. Then 
Pxyzi Pxy, Pxz and Pyz are overlap compatible and the isomorphism (j6.4p gives the 
tensor product of bimodules its indexed structure (Lemma 13. 33p . 



Let 



^1 ■ Prl29i2* = P42Pri2*9l23* 



9123* 



(6.5) 
and 

(6.6) ^2 : pr;3g23* = pr23Pr23*9i23* =^ '?123* 

be natural transformations whose last composite is a counit map. Let 

(6.7) T : 9123* - «'Oxxyxz9l23*- =^ 9123*9^23(9123* - ®Oxxi'xz9l23*-) =^ 

9l23*(9l239l23* - <8)0»-9l239l23*-) =^ 9l23*(- ®Ow ") 

be the natural transformation whose first composite is a unit and whose last com- 
posite is a counit. 

Definition 6.4. Suppose E and T have the affine direct image property, and 

let 

/ : Pxxy(f ) ®Y Pyxz(^) ^ ^xxz{£ 

be a morphism. 

• / is functor ial if whenever £' is an Oxxy-module such that there is an 
epimorphism u : £ — > f , then £' and J- have the affine direct image 
property, the map 

V 'g)OY ^ ■ £ ®Oy ^ ^ E' ®Oy ^ 

is an epimorphism, and the diagram 

Pxxy(^')xid 



(6.8) PxxY(f')®yIPyxz(^) 



•Pxxy(^) ®Y Pyxz(^) 



commutes. 

» / is compatible with base change if whenever pxy, Pyz, Pxz and Pxyz 
are overlap compatible, the diagram 

^X'>CuY'ip*xyS) ®Y- ^Y'XuZ'{plzT)^^¥x'>^uZ'{p*xy£®OY, V%z^) 



X'y. 



uZ'{pIz{£®Oy ^)) 



■ XxY 



{£) ®Y Pyxz(^) 



"Xxz(f ^) 



whose left and bottom right vertical arrows are defined in Lemma I4.11[ 
and whose top right vertical arrow is induced by the isomorphism defined 
in Lemma commutes. 
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• / is associative if whenever T is a scheme and Q is an O^xT-bimodule, 
the diagram 



(Pxxy(f ) ®Y Pyxz(^)) ®z PzyMG) 

/xid 
f 



^xxviS) ®y (Fyxz(^) ®z PzxT(e)) 

idx/ 

/ 



- XxT 



whose bottom row is induced by the associativity isomorphism p.6p , com- 
mutes. 

Theorem 6.5. Retain the above notation, let £ he an Ox^Y-nnodule and let T 
be an Oyxz -module such that £ and T have the affine direct image property. Then 
there exists a unique map 



^xxy{£) ®y Pyxz(^) ^ Pxxz(f ' 



T) 



such that if r : W Pxxy(i^^) ®y Pyxz(-^) is a morphism whose projection to 
X X Y X Z is qi23 and r corresponds, via Proposition |^. 6] to the pair 



tpi ■■£ ^ (7i2*£i 



and 



V'2 : ^ ^ 923* -^2 



then s o r corresponds to the map 

V'l^Ov "02 



(6.9) 



£ <^Oy ^ ■ 



1 0905 



PIl3.(f2l®f22) 



Pri3*(9l23*'Ci gi23*'C2) — ^ gi3*('Ci ® £2)- 

Furthermore, s is a closed immersion which is functorial, compatible with base 
change and associative. 

We cah s the bimodule Segre embedding. We construct s as the composi- 
tion of three maps. We first construct an isomorphism 

si : Pxxy(^:) ®y Pyxz(^) ^ Fxxy xz(pri2*'^^) Xxxyxz Pxxy xz(pr23*-^) 



(Proposition 16. 6p . The classical Segre embedding, whose construction we review 
(Theorem 16.91) . gives us a closed immersion 

S2 ■ Pxxyxz(pri2*^) 'XxxYxz Pxxyxz(pr23*-^) ^ Pxxyxz(pri2*'^^ ^ pr23*-^) 

Finally, since £ and J- have the affine direct image property by hypothesis, we may 
construct a closed immersion 

S3 : Pxxyxz(pri2*^^«)pr23*-^) ^ IPxxz(pri3,(pri2*^^ ® Pr23*-^)) 
(Proposition I6.f5p . 
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6.2. Construction of the bimodule Segre embedding 



We remind the reader of relevant notation. Let 5 be a cotierent OxxY-^odn\e 
and let T he a coherent xz-module. Unless otherwise stated, we assume £ and 
have the affine direct image property. We denote by 

the fiber product in Ij6.ip . By the universal property of the fiber product, there is 
a map t : Fxxy{£) Pyxz(^) X x Y x Z, making 



■ XxY 




YxZ 



in 



V 

pe X xY X Z 




commute. We now proceed to construct and give algebraic descriptions of si, $2 
and S3. 

6.2.1. si :Pxxy(f)®FPyxz(^) -^Pxxyxz(pri2*^)xxxFxzPxxFxz(pr23*-^)- 
The proof of the following result is a tedious application of the universal property 
of the puUback, so we omit it. 

Proposition 6.6. The pair {q£,t) induces a map 

fe ■■ ^xxy{£) ®y Pyxz(^) ^ Pxxy(^) x^xy X xY x Z 
and the pair {qj^, t) induces a map 

: Pxxy(f) ®y Pyxz(^) ^ Pyxz(^) ^yxz XxY xZ. 
The pair (/g, /jr) induces an isomorphism 

Fxxy{£) ®y Pyxz(^) ^ 

[Pxxy(£) xxxy {XxY X Z)\ xxxyxz [Pyxz(^) y-Yxz {X xY x Z)] 
In particular, there is an isomorphism 

(6.10) si :Pxxy(^:)®yPyxz(^) ^Pxxyxz(pri2*£:)xxxyxzPxxyxz(pr23*-^)- 
Furthermore, the inverse of si is induced by the maps 

Pxxyxz(pri2*^) Xxxyxz Pxxyxz(pr23*^) ^ Pxxy xz(pri2*^) Pxxy{£) 
and 

Pxxyxz(pri2*^) xxxYxz Pxxyxz(pr23*-^) ^ Pxxy xz(pr23*-^) ^ Pyxz(^) 
where the second composite of each map is the map constructed in Lemma \4■l^ 
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We now describe the algebraic properties of this isomorphism. We first give an 
alternate description of the maps fii ()6.5p and ^2 ( (I6.6|) on page 1103"]) . By Lemma 
2.81 the isomorphism 

Hi : gi*23Pl'l2 =^ 9l2 

is the dual 2-cell to the square 



(6.11) 



QcohW 

id 



; QcohX X Y 



1l2 



~^ QcohX X y X Z 



pi'i 



5fl23 



where Ai is the composition 



9123* 



(6.12) pri2gi2* 9l23*gi23Pri29l2* » 9123*912912* = 

In a similar fashion, we have morphisms 

n2 : 9l23Pl'23 =^ 923 

and 

(6.13) A2 : pr23923* =^ 9123*- 

Lemma 6.7. Retain the notation above and let e be the counit of the adjoint 
pair (pri2i pri2*)- The map 



Ai : pri29i2* => 9i23* 



116. IS^) equals the compositic 



* = « C*<3123» 

pri29i2* ^ pri2Pri2*9i23* 9i23* 



(which is just fli, !i6.5\) on page 1 1 03\) and a similar description holds for A2 i6.13\) . 
I.e. A2 = ^2 (WM on vaae UWl) . 

Proof. By definition, Ai is the composition 

* « « gi23.*ni*gi2, ^ 

Pri29l2* ^=> 9l23*9l23Pri29l2* ^ 9l23*9l29l2* ^=> 9123*- 

The assertion follows from the commutativity of the following diagram, whose un- 
labeled maps are various units and counits: 



pri29i2* 



^ ^ IJ123.*ni*gi2* ^ 

> 9l23*9l23Pl'l29l2* > 9l23*9l29l2* 



* TTV* 



PI"l2Pri2*9l23* 9l23*9l23PI'l2PI'l2*9l23 



9123* 



=^ 9l23*9l239l23* 



9X23* 



□ 
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Proposition 6.8. Suppose 

corresponds, via the bijection in Proposition \4-(>\ to the pair of epis 

cj)i : (7i2^ •^i 

and 

with right adjuncts ?Ai and '>p2- Then the composition si o r corresponds to the pair 
of epimorphisms 



(6.14) 



9l23P'^12^ ^ 912^- ^ L-i 



(6.15) 

which have right adjuncts 



9l23PI^23 ^ 923-^ ^ ^2 



and 



pr^at ^ pri2gi2*>Ci ^ qi23*Ci 



Pr23-^ *" Pr23923* A *- 9123*^2 



respectively. 

Proof. The pair of epis (|6.14p and (j6.15p correspond to a map 

r' -.W fxxYxz{Wi2*£) '^xxYxz IP'xxyxz(pr23*-^) 

such that r' composed with Sj~^ corresponds to the pair (pi and (j)2 fLemma l4.14l) . 
Thus, s'^^ or' = r so that r' — si o r. The first assertion foUows. 
Applying Corollarv l2.10l to (|6.1ip gives a commutative diagram 

Ylou\w{q*i2£, d) 



-olli 



T^on\w{q*i2zWi2*£^'^i) 
whence the second assertion. 



^ Homxxy(£, gi2*'Ci) 

Pl'12* 

Homxxyxz(pri2*f ,pri2*'?i2*'Ci) 
Homxxi'xz(pri2*f , gi23*'Ci) 



□ 



6.2.2. The classical Segre embedding. Let T and W be schemes, and 
suppose g : — > T is a morphism. By Lemma 12.81 the isomorphism 



(6.16) 
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is dual to the square 
(6.17) 



(QcohW^)2 



QcohW^ : 



(Qcohr)2 

— ®Oj. - 

QcohT 



where T' is the composition 

(6.18) (- -hi =^ -)<i 



where the second map is the product *Q' * q^. 

The following result provides motivation for Theorem 16.51 and is used in its 
proof. 

Theorem 6.9. Let T he a scheme and let A and B be Ot -modules. Then there 
exists a unique map 



S2 : Pt{A) xt Pt{B) Ft (A ®Ot 

such that if r : W ¥t{A) Xt ¥t{B) is a morphism whose projection to T is q 
and r corresponds, via Proposition \4-(>\ to the pair 

4>i : q*A ^ Ci 

and 

^2 : q*B ^ £2 

with right adjunct ipi and ^2, respectively, then S2 o r corresponds to the map 

q*{A ® B) q*A ® g*i3*-i^ £1 (g) £2- 

which has right adjunct 

A^B- 



^ ® g*£2 ^ q*\l~'\ ® jC-2)- 



Furthermore, S2 has the following properties: 

(1) S2 is a closed immersion, 

(2) 82 is functorial: If A' is an Or-module such that there is an epimorphism 
(j) '■ A —>^ A' then the diagram 



¥t{A') xtPt(B) 



Pt(^'«)S) 
commutes, and 



PT(0)xid 



V(^) XtPt(S) 

^Pt{A(x)B) 
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(3) S2 is compatible with base change: If g : T' ^ T is a morphism of schemes, 
then the diagram 

PT'(g*A) XT' PT'{g*B) fT'ig*A®o^, g*B) 



VT'{g*{A®o^ B)) 



■Vt{A ®ot B) 



whose left and bottom right vertical arrows are defined in Lemma \4-ll\ 
commutes. 

Proof. We repeat the construction of a map 

S2 : Pt{A) XtFt{B) Pt{A ®Ot B) 

given in [9l 4.3.1, p. 76]. We show later that S2 has the promised characteristic 
property. 
Suppose 

u : Pt(^) xtPt(S) ^ T 

is the structure map. We construct S2 using Proposition [521 According to Propo- 
sition in order to find a T-morphism from Pt(-4) Xt Pt(S) to Vt{A ®Ot B), 
it suffices to find an invertible sheaf, C on Pt(^) xt PtI-S), and an epimorphism, 

u*{A®OtB)^ L 

Let Ca = OptC^) ^ii'i = Opt(B) be the structure sheaves on Tt{A) and Pt(^), 
respectively. Let 



qA-^T{A) XtVt{B)~^Vt{A) 



and 



■■ Pt{A) Xt Pt(S) ^ Pt(S) 
be the canonical projection maps. Define 

(6.19) C = q*ACA®q*BCB 

which is an invertible sheaf on Pt(.4) Xt Vt{B). Since 

u*A®u*B = u*{A®OtB) 
it suffices to construct an epimorphism 

p : u*A®u*B C 
Now, to construct p, it suffices to find epis: 



(6.20) 

and 

(6.21) 



pi ■.u'A^ (1*aC.a 



P2 ■■ u B qgjLB 
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We construct ()6.20p . The construction of (I6.21|) is similar, so we omit it. Let pA and 
PB be the structure maps on Pt{A) and Pt{13) respectively. There is a canonical 
epi 

(6.22) Sa : P*A-^ ^ Ca 

[9l 4.1.6, p. 72]. Applying the right exact functor, g^, to this equation, yields an epi 

But paQa = Thus, there is an epi 

u*A q*Al~'A 

as desired. 

The fact that S2 is a closed immersion is proven in [9, 4.3.3, p. 77], the fact that 
S2 is functorial is proven in [9l 4.3.4, p. 78], and the fact that S2 is compatible with 
base change is proven in [91 4.3.5, p. 78]. □ 



Proposition 6.10. Let T be a scheme and let A and B be Or-niodules. Then 
the map 

S2 : PriA) XT PriB) -> Pt{A ®Ot ^) 

defined in the proof of Theorem l 6. ffl has the property that ifr:W—>^ Pt{A) XxPriB) 
is a morphism whose projection to T is q and r corresponds, via Proposition \4-6\ 
to the pair 

01 : q*A Ci 

and 

02 : q*B C2 

with right adjuncts ipi and "02 respectively, then S2 o r corresponds to the map 
q*{A ® B) q*A ® q*B'^-^^ A £2- 

with right adjunct 

A®B^!l^^qXl®q*C2-^q*{Ci®L2) 

where Q' and T' were defined in \6.1b]) on page \107\ and in 116.18]) on page \108[ 
respectively. 

Proof. Let u : Pt{A) Xt Pt(S) — > T be projection to the base, and suppose 
r : W ^ PriA) Xt Pt^B) projects to the two maps rA ■ W Pt(^) and : 
W Pt{B). Thus, we have the following identities between maps: 

qAr = rA qer = w = pAqA PeqB 

As in the proof of Theorem 16. 9[ S2 corresponds to a sheaf morphism 

u*iA ® B) ^ qA*PA*A ® qB*PB*B ^-^'^^^^'^^'^ , ^ q^* 
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where 6a is defined by (j6.22|) and Sis is defined similarly. Thus, the composition 
S2 o r corresponds to the upper route in the following diagram 4.2.8, p. 75]). 
(6.23) 



r*{qA*PA*A ® qB*PB*B)^^^^^^^^^ r*{qA*CA «> QB* Cb) 



■rA*PA*A(»rB*PB*B 



■rA*CA®rB*CE 



Since r* commutes naturally with tensor products, the right square commutes, and 
a local computation bears out the fact that the left square commutes. Thus, by 
Proposition [121 S2 ° r corresponds to the bottom route of this diagram. 

By the construction of the correspondence in Proposition 14.61 the map qa : 
Pt(^) Xt ^t{B) Ft (A) corresponds to the epimorphism 

u*A ^ <1aP*a-^ -^^^-^ q*A^A- 



Thus, r_4 — QAr corresponds to the epimorphism 
CTA ■ {PArA)*A — 



TA PA A ^ rA La 



([9l 4.2.8, p. 75]). But, by hypothesis, rA also corresponds to an epimorphism 

<^i : {pataTA Ci 
Thus, there exists an isomorphism ta '■ rA*C-A ^ making the diagram 

q*A—^rA*CA 

commute. In a similar fashion, there exists a map gb and an isomorphism tb 
making the diagram 

q*B^^rB*CB 




commute. In particular, 
(6.24) q*(A®B)- 



■ q*A (g) q*B ■ 




rA*CA®rB*CB 



commutes so that the two routes of ()6.24p correspond to the same map 

W ^¥t{A®B). 



But, since the bottom route of (|6.23p corresponds to S2 o r, and this map is the 
same as the top of (|6.24p . the bottom of (|6.24p also corresponds to S2 o r. 
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To prove the final assertion, we need only note that an application of Corollary 
12.101 to ()6.17|) (on page llOSp gives a commutative diagram 

Hom(ModVK)2(g*^(.4, B), (£i, £2)) ^ llom(^ModT)^{{A,B),q'i{Ci,C2)) 

HoniH/((7M ® q*B,£i £2) HomT(^ B, q^Ci ® g*£2) 

-oe' T'o- 
}iomw{q*{A(E)B),Ci ®C2) ^IioTaT{A®B,q^{Ci ® C2)). 



□ 



6.2.3. A map S3 : ^x>cYy,z{Wi2*£®W2z^) ^ IPxxz(pri3,(pri2*^®pr23*-^)) 

Proposition 6.11. Let f : Y ^ Z be a morphism of schemes and suppose A 
is an Oy -module and i : SSupp^ Y is inclusion. Suppose also that fi is ajjine. 
Then the counit 



CA ■■ f*f*A -> A 

is an epi. 

Proof. First, we note that the natural map A i^i*A is an isomorphism, 
and, for any Oy-module Af, the natural map i^i*Af —> TV is an epimorphism. Thus, 
since is exact, it suffices to show that the natural map 



i*eA ■■ i*rf*A ^ I* A 

is an epimorphism. We construct an epi between these sheaves, and show it is equal 
to i*£A- Let 

Sij : i*r ifi)* 

be the isomorphism of functors in Lemma [2. 171 and let "if = S^ j * (/*)*• Then the 
map 



(6.25) 



i*rf.A — - i*rui.i*A {fiy{fiU*A 



i*A. 



is an epi since the final map is an epi [191 Corollary l,p.39]. We claim that the 
diagram 



(6.26) 



i*ruA — - i*ru.i*A — ^ ifinft),i*A 



i*A- 



' 1 1 



■i*A 



whose top circuit is (|6.25|1 . commutes. The right square commutes by Lemma 12.171 
while the left square commutes by naturality of ex- Since the bottom row of this 
diagram is the identity, the assertion follows. □ 
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Lemma 6.12. Let g : W Z be an ajfine morphism of schemes, and suppose 
C is an Ow -module. Then gt,C is quasi- coherent and the composition 

c : Pw{C) ^ Fw{9*9*C) ^ Pz{g*C) 

whose left hand map is induced by the counit of the pair and whose right 

hand map is ^4-4^ (defined on vaae \62\) . is a closed immersion. 

Proof. The fact that g*C is a OvF-module follows from [ILO] II.5.8, p. 115]. 
Since g is affine, and since the construction of (|4.4p is local, to prove c is a closed 
immersion, we may assume that W and Z are afhne. Let W—Spec Q, Z=Spec 
R, and suppose g : i? — > Q is a ring map. Suppose C is an Q-modulc. Then, by 
Lemma [4. Ill the map 

PwiCR®Q)^Fz{CR) 
is induced by a map of graded rings: 

^r{Cb.) ^ Sq{Cr ^r Q) ^ ^r{Cr) ^r Q 
sending s„ to s„ (X> 1. Furthermore, the map 

¥z{C) ^Pz{Cr®Q) 
is induced by the map of graded rings 

SQ{CR(g)RQ)-^SQ{C) 

given by the canonical epimorphism Cr ®fl Q ^ C . Putting the two graded ring 
maps together, we have a map 

(6.27) ^r{Cr) ^ ^q{Cr ®r Q) ^ §q(C) 

which is a surjection in degrees > 1. Thus, the map PwiC) PzICr) is a closed 
immersion. □ 

Lemma 6.13. fS", Lemma 6.4, p. 163] Let M and N be R-modules, and suppose 
that N is generated by a family of elements {ui}. Every element of M (E)r N may 
be written as a finite sum Tumi (g) n^. Such an expression is if and only if there 
exist elements m'j of M and elements aij of R such that 

YjjaijTn'j — mi for all i 

and 

YiiOijUi ^ in N for all j. 
Lemma 6.14. Let Y be a scheme and suppose A is an Oy-module with 

i : SSupp^ Y 
inclusion. Then the morphism ^.4^ defined on page \6S\. 

FsSupp^(«M) ^Py(^) 

is an isomorphism. 

Proof. As in the proof of Lemma I6.12i the assertion is local on Y. Thus, 
suppose Y =Spec R, and M is an i?-module with ann M = L. We claim that the 
map 

(6-28) Pspec R/i(M ^r R/I) - Pspec r(M) 
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is an isomorphism. For, to construct this map, we start with the natural map of 
sets M ^ M ® R/I. This set map is actually a map of i?-modules. In fact, it 
induces a map of i?-modules 

M®" ^ M^" ® R/I. 

By 16.131 this is an injective map of i?-modules. Thus, in degree n > the in- 
duced map on symmetric algebras is an isomorphism, hence the map (j6.28p is an 
isomorphism. □ 

Proposition 6.15. Let f : Y ^ Z be a morphism of schemes and suppose A 
is an Oy -module which is rla with respect to f . Then the counit 

is epi, and the corresponding morphism 

d : fviA) ^ Py(/*/*^) ^ ^z{UA) 

is a closed immersion. 



Proof. The first assertion follows from Proposition 16. Ill Since i^:i*A = A, it 
suffices to prove the next assertion with i.^,^* A replacing A. For, suppose 

(6.29) fY{i*i*A) ¥Yif*fJJ*A) Pzif*i*i*A) 

is a closed immersion. Then by naturality of the counit of the pair (/*, /*), the left 
square of 

Py(i,zM) ^PYif*U*i*A) ^Pzif*i*i*A) 



Vy{A) 



■VziUA) 



commutes. By Lemma I4.11[ the right square commutes. Thus, in order to prove 
the proposition, we must show that (|6.29p is a closed immersion. To this end, we 
note that the diagram 



PY{i*i*A) 



^ssupp^(i*i*i*^) 



■Pss 



upp^ 



{i*J*f*i^i*A) 



ss 



upp^ 



ss 



Upp>l(^ Al) 



^{fJJ*A) 



SSupp^ 



{{ftnfiU*A) 



it*A) 



whose top verticals are (|4.4p . defined on page[62l and whose bottom verticals are 
induced by counits of the pairs (i*, i*), (/*,/*) and ((/i)*, (/«)*) respectively, com- 
mutes. To prove this fact, we note that the top left square commutes by Lemma 
I4.11[ the top right square commutes by Lemma 14.121 the bottom left square is 
obviously commutative, and the lower right square commutes by Lemma 12.171 In 
addition the left vertical is an isomorphism by Lemma l6.14l Thus to show the top 
horizontal map is a closed immersion, it suffices to show that the bottom route of 
the diagram is a closed immersion. Since the bottom row is the identity map, we 
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need only show that the right vertical is a closed immersion. This follows from 
Lemma [6.121 since A is rla with respect to /. □ 



Lemma 6.16. Let 



w- 



Y 



be a morphism of schemes, let e he the counit of the pair {f*,f*), and let '^f,q '■ 
q* f* =4> {fq)* be the isomorphism defined in Lemma \2.17\ Then the dual 2-cell to 
the diagram of schemes 



(6.30) 



W- 



Y 



W- 



fq 

^ ■■ ifqyf* 



Z 



equals the composition 



{fq)*f* 



s-'*f. 



>q*f*f. 



q *€ 



Proof. Let (77', e') be the unit and counit of [q* , 5,), and let e" be the counit 
of {{IlY 1 ifo)*)- Then, by definition, ^ equals the composition 



ifqrf* 

We claim the diagram 
(6.31) (/9)V* 

q*f*f* 



> Ul) 1*1*1 ^=>9 



ifq)*f*q*q* = 

-7,^ *(/<?) -9' 

■q*f*f*q*q* 



> q q*q 



whose top row is 5*, commutes. For, the left square commutes by naturality of 77', 
while the right square commutes by Lemma 12.171 To complete the proof of the 
assertion, we must show that the bottom of the diagram 



q*f*f* 



q*f*f*q*q* 



equals 
(6.32) 



q*f*f* = 
This follows from the commutativity of 

q*f*f* ^=> q*f*f*q*q* 



■q q^q 



q *e 



q ^e^q^q 



q q*q 



q *7i 



€ *q 



^ q 



since the top route of this diagram is the bottom of (|6.3ip while the bottom route 
is (|6.32p . The right square obviously commutes and the left square commutes by 
naturality of 77'. □ 
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Lemma 6.17. Suppose f : Y Z is a morphism of schemes, A is an Oy- 
module, i : SSuppy^ — > y is inclusion and fi is affine. Suppose further, that W is 
a scheme and r : W Py(yl) is a morphism with projection q : W ^ Y . Then the 
counit e_A ■ f*f*A A is an epimorphism, and if r corresponds to an epimorphism 

(j):q*A-*C, 

which has right adjunct 

^■.A^qX 

then the composition of r with the morphism d of Proposition \6.15\ corresponds to 
the epimorphism 

(6.33) {fq)*f*A ^q*f*f,A''^q*A^C 

which has right adjunct 

(6.34) f^A^^f.q.C. 

Proof. The first assertion follows from Proposition l6.15l 
To prove the second assertion, we note that the diagram 

W Pw{C) Pw{q*A) Fw{q*rf.A) Vw{{fqyf*A) 



■Pz{f*A) 



commutes: the left square commutes by naturality of the counit of the pair (/*, /*), 
while the right square commutes by Lemma 14.121 Now, d o r is the bottom circuit 
of the diagram, so it is also the top circuit. By applying the correspondence of 
Proposition 14.61 to the epimorphism 16.331 it is easy to see that the corresponding 
map is the top circuit of the diagram. 

We next show that the map (|6.33|) has right adjoint (|6.34|) . The dual 2-cell 

A : (/?)*/* q* 
to the square induced by the diagram of schemes 

9 




equals, by Lemma [6. 161 the first two composites of (I6.33p . By Corollarv l2.10[ there 
is a commutative diagram 



llomw{q*A, C) 



-oA 



Homy (^, q^C) 

Romzif.A, {fq)X) 
id(-) 



Y^ouiw{{fq)*f.AC) -Homz(/*A {fq)*C). 
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whence the result. □ 

Theorem 6.18. Let £ be an Ox xy -module and let T he an Oyxz -module 
such that £ and J- have the affine direct image property. Then the himodule Segre 
embedding 

s : Txxy{£) ®y Pyxz(^) ^ ^Xxz{£ 

has the property that if r : W ¥xxy{S) €5f ^Yxz{^) a morphism whose 
projection to X x Y x Z is (7123 and r corresponds, via Proposition \4.b\ to a pair 
with right adjuncts 

ipi : £ ^ qi2*Ci 

and 

then s o r corresponds to the map 

iAi®oy^2 pri3.(ni(g)n2) 
£ ®Oy -F ^ q_\2*Lx ®Oy 'iiz*>-'i ^ 



Pri3*(9l23*'Ci ® q\2'i*C.2) ^ 9l3*('Ci ® £2)- 

Proof. Suppose r : W ^ 'Pxxy{£) ®y ^YxziJ^) corresponds to a pair of 
epimorphism with right adjuncts 

ipi : £ ^ qi2*Ci 

and 

■02 : ^ ^ q23*C2. 
By Proposition 16. 81 si o r corresponds to the pair 



and 



PT12^ ^ Wl2ll-2*Cl ^ qi23*Cl 



P''2.'iV'2 ^2£.2 

Pr23-^ ^ ^ pr23923*/-2 ^ qi23*C2- 



By Theorem 16.91 S2 ° si o r corresponds to an epi with right adjunct 
pri2t pr23J'^ ^ pri2gi2*'Ci <S> pr23g23*'C2 > 



gi23*'Cl qi23*C2 ^ gi23*('Cl ® £2)- 

Finally, by Lemma 16.171 S3 o S2 o si o r corresponds to 

i>i®oy^2 pri3.(ni®n2) 

£ ®Oy -F ^ qi2*Lx ®Oy <i2Z*>-'1 * 



PI'l3*(9l23*'Ci ® q\2Z*l^2) ^ 9l3*('Ci ® £2)- 

as desired. □ 
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6.3. s is functorial 



Theorem 6.19. Suppose £ and £' are Oxxy -modules such that there is an 
epimorphism v : £ ^ £' . Suppose, further, that T is an Oy x z -'module such that £ 
and T have the affine direct image property. Then £' and J- have the direct image 
property, the map 



is an epimorphism, and the diagram 



(6.35) 



^xxy{£')^y Pyxz{:f) 



Vxxz{£'^Oy ^) 



'?Xy.Y{v)xid 



- XxY 



{£) ®Y^Yxz{r) 



■fxxz{£®OY ^) 



commutes. 



Proof. To prove the first assertion, we need only note that since there is 
an epimorphism v : £ ^ £' , SuppiS' C Supp£, so that Supppr^j^' ® Wta-^ ^ 
Supppr^2'^ (gjpr^gj^. 

We next show that 



V ^Oy ^ ■ S ' 



T ^£' ®Oy J" 



is an epimorphism. Since pr^2''^'X'pr23.?^ is an epimorphism, we need only note that 
both pr5^2'^ ® W2'i^ Wi2£' ® ^■'"6 with respect to prj^g, so that the 

assertion follows from Lemma [3. 121 

We now show that (|6.35p commutes. Let W be an S'-scheme and suppose 
r : W ¥xxy(£') ®y Pyxz{^) is a morphism whose projection to X x y x Z is 
5123 and r corresponds, via Proposition 14.61 to a pair which has right adjuncts 



and 



ipi : £' ^ qi2*Ci 



tp2-J^^ 923* -^2 
By Theorem 16.181 s o r corresponds to the map 



£'i 



1 •X'Oy 



123*^: 



pr^3, (ni®n2) 



We claim 
(6.36) 



Pri3,(gi23*'Ci (g) gi23*>C2) ^ 913* (-Ci ® C2) 



w 



^xxy{£')<E)y Pyxz(^) 



''xxzi£'®OY ^) 



?xxY (v)xid 



XxY 



{£) ®i'Pyxz(^) 
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commutes. By Proposition 14.61 the composition (Pxxy (u) x id) o r corresponds to 
a pair of epis with right adjuncts 



and 



£ ^ £' ^ qi2*j0.i 



J- ^ 923* ■'-2 I 



SO that, by Theorem 16. 18i the right hand route of (|6.36[) corresponds to 

£ ®Oy -F *- £ ®Oy ^ *■ 9l2*'Cl ®Oy l2-i*L.i > 



pri3*(9i23*'Ci ® q\2-i*l^-i) ^ 9i3*('Ci ® £2)- 

On the other hand, by Theorem 16. 18[ the left hand route corresponds to the same 
map. The assertion foUows. □ 



6.4. s is compatible with base change 
Theorem 6.20. Suppose 




is a pullback diagram of schemes, with dual 2-cell ^ : p* f^, ==> f^p * . Let A he 
an Oy -module which is rla with respect to f. Then is an isomorphism and the 
diagram 



(6.37) 



Vb'*^) 



Py(^) 



V(/*/*-4) 



Vz'{p*UA) 



commutes. 



Proof. Since A is rla with respect to /, is an isomorphism by Proposition 
3.31 We next show that (|6.37p commutes. First, by Lemma [1321 

Py'(/'V/*^) ^Pz'{p*f*A) 



(6.38) 



Pv'((/P')*/*^) 



V(p'7*/*-4) 



■Vzif*A) 



"rirUA) 
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commutes. Thus, the diagram 

(6.39) FY'{f'*p*f.A) Vz'{p*f.A) 



^Y'ip'*rf*A) — 

whose left vertical is the left vertical of (|6.38p commutes. We claim the diagram 



\>ip'*A) ^Fy{A) -Py(r/*^) 



V'(/'V/*^) 



VziUA) 



■rz'iP*f*A) 



^z'{f\p'*A) 



commutes. Since the outer circuit is ()6.37p . our result will follow. The lower left 
rectangle commutes by Proposition 12.71 The middle square equals (|6.39p . and the 
lower right square commutes by Lemma 14.111 It remains to show the top rectangle 
commutes. The top is a composition of the following subdiagrams 



■Vy{A) 



■vviruA) 



^^z{f*A). 



Vy'{p'*A)' 



Vy'[p'*A) VY'{p'*f*hA) - 

where the diagonal morphism is (|4.4p (defined on page [62]). The left subdiagram 
commutes by Lemma 14.111 while the right subdiagram commutes by Lemma 14.121 
The assertion follows. □ 

Theorem 6.21. s is compatible with base change. That is, ifpxy, Pyz, Pxz cmd 
Pxyz overlap compatible, then the diagram 

(6.40) Fx'ycuY'iplyS) ®Y' Vy,^„z'{plz^) ^^^X'^uZ'{ply£ ®0,. P%z^) 



Pxxy(f) ®Y Fyxz(.F) 



whose left and bottom right vertical arrows are defined in Lemma \^.ll\ and whose 
top right vertical arrow is induced by the isomorphism defined in Lemma \6.S\. com- 
mutes. 
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Proof. We construct two commutative diagrams which have the property that 
the composite diagram which one gets by placing these diagrams side by side has 
outer circuit equal to (j6.40p . To simplify the presentation, we omit subscripts on 
the projectivization functors. We claim Figure 1, on the following page, whose 
unlabeled maps are either induced by isomorphisms of the various modules being 
projectivized, or by maps (|4.4|) (defined on pagel62p. commutes. For, the upper right 
square commutes by Proposition l6.9l (2), while the lower right square commutes by 
Proposition 16.91 (3). We next show the left hand square commutes. To show the 
left hand square commutes, it obviously suffices to show that the square 



HPlyzP^h^) >^X'XuY'XuZ' P(p*j,^pr^3 J^) 



F{£) ®y F{T) ^ P(prj2f) y-xxYxz np43^) 

commutes. Since each route of this diagram is a map into the fibre product P(£) (E)y 
P(^), each route is determined by a pair of maps, one into P(£') and one into ¥{!F). 
Thus, by the description of sj"^ given in Proposition 16.61 it suffices to show the 
diagram 



P{£) P(prt2^) 

whose verticals are maps of the form (I4.4p and whose diagonal is of the form (|4.4p , 
commutes (a diagram like that above containing ¥{J-) commutes in a similar man- 
ner). But the upper and lower circuits commute by Lemma 14.121 

Let e be the counit of the adjoint pair (pri3, pr]^3^) and let e' be the counit of 
the adjoint pair (pr;^3, pr'j^g^). We claim that Figure 2, whose third right vertical 
is induced by the isomorphism of Lemma 16.21 and whose other unlabeled arrows 
are either induced by isomorphism of the various projectivized modules or are from 
Lemma l4.111 commutes. For, the bottom rectangle commutes by Theorem l6.201 the 
upper right square commutes by Lemma 14.111 ^-nd the upper left square commutes 
by the functoriality of P(— ). The theorem follows by noticing that if we put Figure 
1 to the left of Figure 2, the outer circuit of this combined diagram is just (|6.40p . □ 



o 

I— I 

Q 
Q 
H 

m 

s 

H 
H 

O 
H 

CO 

H 

t> 
Q 
O 
S 

I— I 

ffl 

H 
S3 
H 



P(p*/) P(p;,^) P(pr;*2P;/) Xx'>.uY'xuZ' P(p4p;.^) P(pr'i*2PS/ ® p4p;.-^) 



p(£:) 0y p(:f) 



P(Pij/^Prf2^) Xx'x,,r'x^Z' IP(Px3/zPr23-^) 



■P(prj2.?) X;cxFxzF(pr^3:F) 
Figure 1. 



■ P(pr^2^ O pr^3^) 



nWi2Ply£ ® P^P;.-?") P(pr'i*3Pr'i3*(pr'i*2Px/ ® Pr2*3?';z^)) 



np%vAwi2£<^whn) 



P(e') 



• P(pri*3Pr'i3*Pxy.(prt2^ ® Pr^3^)) 



P(prt2£:®pr^3^). 



P(e) 



■P(prl3Pri3*(pri2^®Pr23-^)) 



P(pr'l3X,z(pr^2^®Pr^3•^)) 



Figure 2. 
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6.5. s is associative 



We show s is associative. Our proof employs tiie fact th.at closed immersions 
induce well behaved adjoints (Corollary [ 



6.5.1. The proof that s is associative. 

Lemma 6.22. Let A, B, C , and D he commutative rings such that there is a 
commutative diagram 



(6.41) 



B- 



A 



■C- 



D 



A 

whose verticals are identities. Let 

(1):{A®B C) ®c {A ®dC) ^ A®c A 

he the C -module map defined hy (l){{a ® c) ® {a' ® c')) = c - a® c' ■ a' . If every simple 
tensor of {A®b C) ®c {A®dC) may he written as (a 1) (g) (a' ® 1) for a, a' G A 
then (j) is an isomorphism. 

Proof. Since </> is obviously surjective, we need only show (j) is injective. Sup- 
pose, for ai,a'l G A such that {a"} generates A as a C-module, that S^Oi ® a'l G 
A ®c ^ equals 0. By hypothesis, we need only show that lli{ai (a" (g) 1) = 0. 

By Lemma [6.131 there exist £ C and a'^ G A such that 



and 

We find 



Tijrij 



0. 



Si(ai (g) 1) (g) « (g) 1) = E,(Sjry ■ a'^ (g 1) (g. (af (g 1) 

= Sj(Si((ry • a'^ (g 1) (g {a- (g 1)) 
= Ej(a^- g) E^ry ■ 1) (g (a" (g 1) 
= Ej(a^- g) 1) g) (E^ry ■ a" g) 1) 
= 0. 



where we have used the commutativity of (|6.4ip as well as the assumption that all 
vertical routes are the identity. □ 

Let be a scheme and let prJJ : {W x X) Xw {W x Y) Xw (W x Z) ^ 
W X X,W X Y,W X Z he the standard projections. 

Proposition 6.23. Let Ci and £2 he invertihle Ow -'modules, and let f2i and 
f22 be relative versions of the maps given in 116.51) and h6. 6\) respectively. Then the 
map 

(6.42) 



^ICi ® ^2£2 : Pri2 9l2*'Cl «'Pr23 923*'^2 
9l23*'Cl 9123*^^2 
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is an isomorphism. 



Proof. We check the assertion locaUy. Let p be a closed point in the support 
of the domain of (|6.42p . Then, since is a closed immersion, there exists a 
unique w £ W such that 9123 (w) = p. Let pi = q^(w) and let p2 = 923^ (if)- Then 
(rii£j (g) n2C2)p ^ 

{jCi^,, (glOpi Op) ®Op {i^2w ®Op2 Op) Lxw <^Op ^2w 

sending the simple tensor (a (g) c) (g) (a' ® c') to c ■ a ® c' ■ a' for a e Ciw, a' G C2W 
and c, c' G Op. Since £1 and C2, are invertible = C2W — C'lu- In addition. 

Op = OgW^^) ^qY(-^) '^lY 



and 



Opi - OqW^^) OqW,^^), 



Op2 - O^Wf^^-^ '^qfiw)- 



The assertion now follows from Lemma 16.221 with A — , B — Op^ , C — Op and 



D = 0^ 



P2 ■ 



□ 



Proposition 6.24. Let W be a scheme, and let 

Pxy,P.y -.{WXX) Xw {W X Y) X {W X Z) ^ 

X xY,Y X Z 

be projections. Suppose 

-.W P{WxX)xw{WxY}{P*j:yS) ^WxY P(WxY)xiv{WxZ)iplz^) 

has projection to (W xX)xw {W xY), and projection to (W xY)xw (W x Z), 
923 • V corresponds to the pair of epimorphisms 

^1 : P*cy^ 9i2 ^-^i 

and 

-02 ■.p*yzT^q^^^C2, 
the composition s o r^ corresponds to the epimorphism 
(6.43) Vi ®Oy V'2. 

Proof. By Proposition I6.23[ ^ici ® ^2C2 is an isomorphism. In addition, 
since g^^g is a closed immersion, T f (|6.7p on page 1103")) is also an isomorphism. By 
Corollary 14.91 the maps (|6.43p and (|6.9p , defined on page 11041 correspond to the 
same map r^ . □ 

Theorem 6.25. s is associative: if T is a scheme, E is an OxxY-bimodule, T 
is an Oy X z -bimodule and Q is an OzxT-bimodule, then the diagram 
(6.44) 

{Pxxy{S) ®y Pyxz(^)) ®z PzxtIG) Pxxy{S) ®y (Fyxz(^) ®z PzxHG)) 



sxid 

^xxz{S®Oy- ^) ®zPzxt{Q) 

s 



idxs 

^xxy{£) ®yPyxz{T®Oz Q) 

s 

-Pxxt{£®Oy {P®o, Q)) 
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whose bottom row is induced by the associativity isomorphism 13. 6\) . commutes. 

Proof. To clarify exposition, we will sometimes drop subscripts from projec- 
tivizations. Let p^y and Pyz be defined as in Proposition 16.241 Let p^t be defined 
similarly. Suppose W is an affine scheme and define X' = WxX,Y' = WxY 
a.ndZ' = W X Z. LetT' xT and suppose 

is a morphism with projection qi2 io X xY , projection ^23 toY x Z and projection 
(734 to Z X T. To prove the Theorem, it suffices to show that the two routes of (|6.44p 
precomposed with r commute, since W is an arbitrary affine scheme. Suppose r 
corresponds to epis 

cj)i : ql^E Ci 
cj)2 : ^2 

and 

Then there are epis 



71 : qV2*Ply£ ■ 



73 : <1m*P*zwG - 



■ 9l*2^ - 

• 923-^ ■ 

■ 934^ - 



These epis give a map 

r"^ -.W-^ {Px'x^Y'iplyS) ®y' Py'x^z'ip;.^)) ®z' Pz'.^T'ipltG) 
such that if the vertical map in the diagram 

W^^iPx'x^.Y'iplyS) ®Y' ^yx„z\p%.r)) ®z' Pz'x^yT'ipttG) 



XxY 



is that constructed in Lemma 14.111 and the horizontal is r , then this diagram 
commutes fLemma l4.14p . 

We claim the outer circuit of the diagram 
(6.45) 



w- 



W 



{np*y£) p(p;,^)) npttG) np*.y£) ®y- (p(p;.^) ®z' npitO)) 



sxid 

®o^. pU^ ®z' FipltQ) 

s 

niPlyS ®0^, P*yz^) ®0,, pltQ) 



idx s 

npuj'^o,, PitQ) 

s 

(plyS^o^, {pU^®o,, PltQ)) 
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whose upper right vertical is induced by 71, 72 and 73, commutes. Let ipi be the 
right adjunct of 7.^. By Proposition 16.241 the left hand circuit corresponds to the 
left hand circuit of the commutative diagram 
(6.46) 



{Pxy£ ®0^, P*yz^) ®o^, vl^Q ■ 

(l/j'l«10^,l/'2)'8'02''^3 



gi^,-Ci ®Oy, (g23*'C2 ®Oz, qM*^3) 



while the right hand vertical of (j6.45l) corresponds to the right hand vertical of 
(|6.46p . By the commutativity of (|6.46p . both the left hand circuit and the right 
vertical of (|6.46p have the same kernel. Thus, by Corollarv l4.101 (|6.45p commutes. 

To show (j6.44p commutes, it suffices to construct a cube of schemes whose top 
is (|6.45p . whose bottom is (|6.44p . whose edge 



"x'y^^Y'iplyS) ®Y' ^Y'y.„Z'{p*y,T)) 



ipltQ) 



is the map constructed in Lemma 14.111 and whose sides commute. With the ori- 
entation fixed so that (|6.44p forms the bottom of a cube, let the upper left edge 
into the page be the map above and construct the upper right edge into the page 
similarly. Let the lower left edge into the page be induced by the composition of 
isomorphisms 



{plyS (E>o^, p*y,T) ®o^, PltQ 



(Lemma 13. 33p . followed by the map 



from Lemma [4.111 and let the lower right edge be constructed similarly. The left and 
right sides of this cube commute since s is compatible with base change (Theorem 
I6.2ip and since s is functorial (Theorem 16. 19p . ft is easy to see the back commutes 
by examining the algebraic description of the back edges. To complete the proof of 
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the assertion, we need only show that the front face of the cube, the diagram 

n{ply£ ®Ov-' Plz^) ®0,, PltQ) PbS/ ®0,, b;,^ ®0„ pttG)) 

npitii^ ^) Q)) — - — - npiti^ ®o, G))) 

¥{{£ T) ®Oz Q) i ^ {T ®Oz Q)) 

whose third verticals are from Lemma l4.111 commutes. By Lemma l4.1H the bottom 
square commutes, so to complete the proof of the theorem, we need only show that 
the diagram 

(p*/ ®o,. v%,T) ®o,. pltQ^^plyE ®o,, {.P%,T®o,, PltQ) 

PI,{£ T) ®o^, PltQ Ply£ ®0^, P*yt{^ ®Oz Q) 

p%t{{£ Q) ^ ^Plt{£ Q)) 

whose verticals are the isomorphisms constructed in Lemma l3.33i commutes. But 
this just follows from the fact that the associativity of bimodules is an indexed 
natural transformation (by Proposition 13 . 37l) . □ 



CHAPTER 7 



The Representation of for High n 

We utilize the following notation throughout this chapter: suppose U is an 
affine, noetherian scheme with structure map f '■ U —^S,f = fx idx : U x X ^ 
S X X, X is a. separated, noetherian scheme, f is a coherent Ox-bimodule, I is 
a graded ideal of T{£) and B = T{£)/I. If Q is an Ox^-module, then we let 

= f^*Q. Assume all unadorned tensor products are bimodule tensor products. 
If is a free truncated L/- family of length n + 1 (Definition I4.18P , it is also a 
free truncated [/-family of length n + 1 over T{£). We denote TW's multiplication 
over T{£) by ^ij and let its components be denoted by Mi = (idjy x qi)^Ou- As 
before, we let d : U ~^ U x U denote the diagonal morphism and we let — 
{{idu X q,) X (id[/ x q^)) o (d x d) o d : U {U x X)fj. For < fc < n, let 

ik ■■ SSupp pr*Xfe {U X Xfjj 

be inclusion and let 

Fk = {W2ik)*i*k{w*iMk ®0(j,><x)2^ ^) 

and 

Gfc = ^omo^^^^ja^ {WiMk, -)ife*(pr2«fc)'- 

Then (F^, Gt) is an adjoint pair by Lemma [5?fl Finally, for i > 0, j > 0, let the right 
adjunct of S YioT^^^^^Jy^x)l{F^S^®^ ,M^+j)he Mii^j e Hom(j/xx)^(^^®^ GiTW^+j). 

We define the bimodule Segre embedding s : Px2(f)®^ Px^{£'^^) as the 
identity map. Our goal in this chapter is to prove the following theorem. 

Theorem 7.1. For n > 1, r„ is represented by the pullback of the diagram 

(7.1) Px2(£:)®" 



To prove this theorem, we begin with a technical lemma fLemma l7.2p . Then, 
in Proposition 17.41 and Corollary [731 we construct a monomorphism 

T :r„ =^Homs(-,P) 

where P is the pullback of the diagram (|7.ip . Finally, in Proposition 17.71 we prove 
T is an epimorphism, and hence, an equivalence. 

Lemma 7.2. With the above notation, 

kcr(Ad/ii.j) = ker(Ad/ii^i ® Ad/i^+i 
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Proof. If the adjoint pair {Fk, Gk) has counit rjk, then, to prove the Lemma, 
we must show that for i,j > 0, the two routes of 



(7.2) £U ^ £us^j- 



Gi/Ji,i®Gi+i/Ji + i,j_ 



Gi(Mi,i«>f'^®^-') 

Gi/ii+i,j-i 

G^M^+j 

have equal kernel. For, the left hand map in (|7.2p equals Ad(/ii_(_i j_i o /ij (g) 
£;C/(»j-i^^ But since S-module multiplication is associative, 

Ad(/i,+ij_i o ^,^1 ® £:c/®j-i) = Ad^jj. 

Now, by Corollary 13 . 181 the kernel of the right hand map is 

ker(AdAii,i) » f^®^'"^ + f ^ ® ker AdAi»+i,i--i. 

We show that ker(Ad^i,i) ® g^®!-'^ c ker Ad/i^j, the kernel of the left map. To 
prove this fact, we claim it suffices to show 

(7.3) M»4(^«kerAdM»4) = 0. 
For, suppose (j7.3p holds. By naturality of 77^, the diagram 

(7.4) kerAdAij,i <8>^'^®^"^ ^^GiF,(kerAd^ia ®^'^®^"^) 



G,F,+i£^^i-^ 

commutes. Since /ii^i(fi ker Ad/i^^i) = 0, the right vertical equals 0. Thus, the 
right route equals so that, by commutativity of ()7.4|) . the left route equals 0. But 
the bottom row composed with the bottom right vertical is a composite of the left 
hand side of (|7.2p so that 

ker Ad /x^^i (g) S^®!-^ c ker Ad /x^ ^ 

as desired. 

We now show fJ.i,i{Fi ker Ad 1) = 0. By adjointness of {Fi, Gi), the diagram 
lloiJiuxx{F£'^,M^+i) ^Rom^uxx)l{£'^ ,G^M^+l) 

Honi,7xx (-Fj ker Ad , M ^+i) ^ Hom(y ^x)^ (ker Ad , A^,+i) 
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commutes. Now, /i^^i in the upper left goes to Ad/ii.i in the upper right. This 
clearly goes to zero on the lower right. Thus, goes to zero on the lower left, as 
desired. This completes the proof that 

ker(AdAii,i) ® gUssj-i ^ ker Ad^.j. 

In a similar fashion, one shows that 

£^ (x) ker Ad/i,j+i j_i C kerAd/i^.j. 

Thus, 

£^ (g) ker Ad/Xi+ij_i + ker Ad^^a ^f^®-?"! c ker Ad/z^j. 

To complete the proof of the Proposition, we must show that the inclusion is equal- 
ity. By Proposition [5?9l both routes in (|7.2p are epimorphisms. Thus, 

(7.5) £:^®V(£:^ (8)kerAd/z,+i,j_i +kerAd/x,,i (8)£:^®^'-i) ^ G^M^ G^+lM^+J 
and 

(7.6) f ^® V ker Ad = G^M^+J . 

Since M is free then, by Proposition l5.8l GiMi+j = qiA+j*Ou, GiMi+i = qis+i*Ou 
and Gi+iA4i+j = qi+i_i+j^Oij ■ Since q^^i is a closed immersion for all k and I, 

qi,i+i*Ou ® qi+i,i+j*Ou — qi,i+j*Ou 

by Proposition 16.231 so that 

G^M^+i ® G,+iM^+j ^ G.M^+j. 

This, along with (|7.5p and (j7.6p . implies there is an isomorphism 

£:'^®V(^'^ » ker AdAi.+ij-_i + kcr Ad^i^.i 8) f ^®^"^) = f '^^Vker Ad/x,j. 

Thus, the projection 

(7.7) £^'^^/{£^ (g) ker Ad ^i^+l,J-l + ker Ad (g) £^'^^-^ ) £:^®7 ker Ad /i^,^ 
with kernel 

(7.8) kerAd/i,j/(£:^ ® kerAd^,;+ij_i +kerAdAi»,i ® '^^^®^"^) 

induces an epimorphism from £^®i /{£^ (g) ker Ad + ker Ad ® ft^-^J-i) 

to itself. Since (Zifi+j^Ct/ is coherent (^ |10[ II, ex. 5.5, p. 124]) and U and X are 
noetherian, f'^^VCf i» ker Ad^i^+ij-i +kerAd/^j,i f'^®-'-!) is locally finitely 
generated. Thus, (|7.7p is an isomorphism ([51 Corollary 4.4a, p. 120]) so that (|7.8p 
equals zero. The proof follows. □ 

Repeated application of this result yields 

Corollary 7.3. With the notation as in Lemma^TT^ 

kerAd^i^j = SCo^^®' 0kerAdAi,+i,i ® f^®^"'"^ 

Proposition 7.4. Let $ be the natural transformation constructed in Theorem 
15.31 There exists a natural transformation 

(7.9) S : r„ =^ Hom5(-,Px^(f®"A„)) 
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making 



:^Hom5(-,Px2(f)®") 



commute. 



Proof. By Theorem 15.31 there is a monomorphic natural transformation 

$:r„^Homs(-,Px^(^)^"). 
Let U be an afRne scheme. We construct an injection Hom5(t/, P^a )®"^ 



}iouis{U,F^Uxxr i£'^)'^")- We first note that 



(7.10) Piuxx)li£''f'' = Px^(f)®" xs U. 
Since we may define an injection 

(7.11) Hom5([/,Px^(f)®") ^ Hom5(C/,Px^(£)^" U) 
by sending / to / x idy, (|7.10[) allows us to define an injection 

(7.12) J : Homs(C/,Px^(£)^") - Hom5(C/, P(^xx)^„ (^'')^") 

as desired. Furthermore, if is a free truncated [/-family of length n + 1, then 
j o $(7([A4]) corresponds, by Proposition 15.191 to a collection of n epimorphisms 
Tpi^ which are the compositions 

Ad iii^ 



whose right map is given by Proposition 15.81 By Proposition 16 . 241 s o j o ^u{[M]) 
corresponds to the epimorphism (8)"Jq^V'/- By Corollarv l3.181 

EjTo'^^®' ker Ad/Xi,! ® f^®"-'-^ 

By Corollary 17. 3[ this module equals ker Ad/xo,n- We claim I,^ C ker Ad/^o,«- By 
adjointness of (Fi,Gi), the diagram 

Romuxx{F^£^''"-\Mn) Hom(t;xx)^, (^^^®""', G.X«) 



}^omu^x{F^Ili_„Mr. 



Hom 



commutes. Now, ^i^n-i in the upper left goes to zero in the lower left since A4 is 
a r(f ^)/X^-module. Thus, Ad^i,„_i goes to zero in the lower right, as claimed. 
We conclude C ]iev Thus, ^^I^i^i must factor as 



5"=0^9i,i+l*C';7 
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SO there exists a map a-c/([A4]) : U ^{Uxx)'^ (f ^^"/J^' ) such that s o j o 
^u{[M]) G B.oms{U,¥x2{£^'')) factors as 



U- 



>cjo.i.,-L.M]) 



iUxX)f, 



<Tu{[M]) 



Thus, there exists a map au : T^{U) Hom^ (J7,P([;xx)^(^^^®"/2'^)) such that 
the diagram 



(7.13) 



jo^ui-} „ _Fr 



^Hom^([7,P(^,;,).(g^)«") 



Hom^([/, P(^,^).^ HomfiU, P(^,;,).^ ^«")) 

commutes as well. Let be the composition 

T^{U)^^Romf{U,F^u,x^.J£U^^/I^)) > Hom^(f/,P;,.(5«"/X„)) 

whose right composite is induced by the composition 

(7.14) P(^,^).^(£:^«"/J^) ^ F^u.x)l{{£''y^nf ) - Px^(£^'"An). 



If we let (— , — ) = Hom|''(— , — ), the half-cube 
(7.15) 



jo*[7(-) 



-(t^,VxX)?,(^^)®") 




(C/,P(£/XX)^„(^^^")) 



([/,PX2(5)®") 




(f/,Px2(f®"/X„)) 

commutes since the diagram 

(7.16) P(£/xX)^„(^^®"An^) 



^C/xX)^,((f®"An)^) 



-^(?7,P;,2(£®")) 



(C/xX)^ 



(C/xX)2„ 



(UxX)l 



Px2(f®"/J„) 



<8m 
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whose left vertical equals ()7.14p , and whose bottom verticals and right-most vertical 
are maps from Lemma 14.111 commutes. The right square commutes since s is 
compatible with base change, the upper left square commutes by the naturality of 
the indexing of the tensor product, and the lower left square commutes by Lemma 
14.111 Thus, we have a commutative diagram 



(7.17) 



■Hom^''(t^>IPx2(£)®") 



mm^s'iU, ®" An)) Hom|'-(C/, ^x- (^®")) 

for each [/ e S. 

To complete the proof, we need only show that E^"^ is natural. For, in that 
case, S^"^ extends to a natural transformation 

S : r„ =^ Homs(-,Px^(^^"A„)) 

by Proposition 14.31 To show that S^'' is natural, we must show that \i f -.V U 
is a morphisni of afhne schemes, then the diagram 



C{c^) 



Hom^/(F,Px2(f«"/T„)) 



Hom|^([/,Px2(f«"/2'„)) 



commutes. If we let (— , — ) = Homg'^(— , — ), this follows easily from the fact that 
all faces of the cube 



(V^,Px^(£)®") 



(y,Px2(f®"An)) 



(l-,Px^(f®«)) 



(;7,Px2(f)®") 



(C/,Px2(£^"A«)) 



save possibly the left face, commute. For, the top and bottom commute (|7.17l) . 
while the far square commutes by naturality of ^^'^ . Since the horizontal arrows 
are injections, it must be true that the left face commutes also. □ 

Corollary 7.5. Let P be the pullback in the diagram 

Px2(£:)®" 
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whose bottom vertical is induced by the epimorphism 5®" — > Then the 

natural transformation E (^ |y.ff[ j on paae llSl]) induces a monomorphism 

(7.18) T:r„=^Hom5(-,P). 

Proof. By Proposition 17.41 S makes 



Hom5(- 



X2 



■Homs(-,Px2(^®")) 



commute. Since the right route is a monomorphism, the induced map to the pull- 
back must also be a monomorphism 

r„ Hom5(-,Px2(f)®") XHoms(-,P,.(£«")) Homs(-,Px2(f®"ArO)- 

By [191 p. 20], this is the same as a monomorphism 

T :r„ =»Hom5(-,P) 

as desired. □ 

Lemma 7.6. Suppose Y is a scheme, J- is an Oy -module, T <Z T is a submodule, 
p : Vy{J') Y is the structure map, and there is a commutative diagram 



(7.19) 



u- 



■Py(^) 



where g and g' are Y -morphisms. If g corresponds, by Proposition |^.6'[ to a mor- 
phism 

then ip factors as 



Proof. If g' corresponds to ip' : T/X q*C' , then 



corresponds to the bottom route of (|7.19p . Since (|7.19p commutes, the top map 
must also correspond to the morphism. Thus, by Proposition 14.61 there exists an 
isomorphism a : q<,C' ^ q^^C such that 



■ q*C 



T/I—^qX' 



commutes, as desired. 



□ 
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Proposition 7.7. The natural transformation T : r„ => Homs(-,P) 17.18^ 
is an equivalence. 

Proof. We show T^'' : F^'' =^ Hom|''(— , P), the restriction of T to free fam- 
ihes, is an equivalence. This suffices to prove the proposition in hght of Proposition 
14.31 Let U be an affine scheme and suppose / e Hom|' ([/,P). Then / is defined 
by a pair of maps (/i, making the diagram 

(7.20) U ^^Px2(£:)«5" 

Vx2 (f ®"/X„) ^ Vx2 (f®") 

commute. If A„ is the functor of flat famiUes of T(f )-modules of length n+1, then 
there exists a morphism r„ =4> A„ induced by the epimorphism T{£) — > T{£)/I. 
By Theorem 15.31 /i corresponds to an element of A^'^{U), [A4], where is a free 
T(f '^)-module of length n+1. By Lemma [3.231 to show that Ai is actually a 
T(f '^)/l'^-module, we need to show, for all i,j > 0, that the composition 

® ly ^ M, 5^®-'' M,+j 

equals zero. It thus sufhces to show that, for all i,j > 0, 

ly C ker Ad/Xij . 
Since (|7.20p commutes, we claim the diagram 



U (^^)®" X s [/ 




whose diagonals are from Lemma 14.111 commutes. The upper left commutes since 
(|7.20p commutes. The lower left square commutes by Lemma [4. Ill while the lower 
right square commutes since s is a J7-morphism which is compatible with base 
change. Denote the top and bottom route of the diagram by fi and respectively. 
By Proposition 16. 241 corresponds to the epimorphism 

where ipi is the composition 

Ad Pi 1 Si 

£U GiMi+i 

whose right composite is the map in Proposition 15.81 Since fi factors through 
IP(c/xX)^(^^'^®"A^), V factors through by Lemma [Ll Thus, C 

ker(g)"JiV»- By Corollary O 



ker(g)"^]^Vi = ker Ad/ijj 
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as desired. □ 
Thus, we have established Theorem 17. II 
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